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ABSTRACT. The work is dedicated to investigating a limiting procedure for extending 
"local" integral operator equalities to the "global " ones in the sense explained below, and 
to applying it to obtaining generalizations of the Newton-Leibnitz formula for operator- 
valued functions for a wide class of unbounded operators. The integral equalities consid- 
ered in the paper have the following form 



where X is a general locally compact space, F runs in a suitable class of Banach subspaces 
of a fixed complex Banach space G, in particular F = G. The integrals are with respect to 
a general complex Radon measure on X and with respect to the <j(B(F),Nf)~ topology 
on B(F), where Nf is a suitable subset of B(F)*, the topological dual of B(F). Rp 
is a possibly unbounded scalar type spectral operator in F such that a(Rp) C <j(Rq), 
and for all x £ X f x and g, h are complex-valued Borelian maps on the spectrum ct(Rq) 
of Rq. If F 7^ G we call the integral equality (T} "local", while if F = G we call it 
"global". 



(1) 




They involve functions of the kind 



X 3ih f x (R F ) S B(F), 
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Introduction 



The work is dedicated to investigating a limiting procedure for extending "local" inte- 
gral operator equalities to the "global " ones in the sense explained below, and to applying it 
to obtaining generalizations of the Newton-Leibnitz formula for operator-valued functions 
for a wide class of unbounded operators. 

The integral equalities considered in the work have the following form 

(2) g(R F ) J f x (R F )d(x(x) = h(R F ). 

They involve functions of the kind 

X3x^f x (R F )eB(F), 

where X is a general locally compact space, F is a suitable Banach subspace of a fixed 
complex Banach space G, for example F — G. The integrals are with respect to a general 
complex Radon measure on X and with respect to the a(B(F),J\f F )— topologyQon B(F). 
R F is a possibly unbounded scalar type spectral operator in F such that a(R F ) C ct(Rg), 
and for all x e X, f x and g, h are complex-valued Borelian maps on the spectrum o{Rg) 
ofR G . 

If F 7^ G we call the integral equalities (O "local", while if F — G we call them 
"global". 

Let G be a complex Banach space and B(G) the Banach algebra of all bounded lin- 
ear operators on G. Scalar type spectral operators in G were defined in [DS| Definition 
18.2.12.0 (see Section [TJ, and were created for providing a general Banach space with a 
class of unbounded linear operators for which it is possible to establish a Borel functional 
calculus similar to the well-known one for unbounded self-adjoint operators in a Hilbert 
space. 

We start with the following useful formula^ for the resolvent of T 

,o 

(3) (T-Xl)- 1 =i / e~ ltx e UT dt. 



Here Afp is a suitable subset of B(F)*, the topological dual of B(F), associated with the resolution of the 
identity of R F . 

^ For the special case of bounded spectral operators on G see | Dow |. 

3 An important application of this formula is made in proving the well-known Stone theorem for strongly contin- 
uous semigroups of unitary operators in Hilbert space, see Theorem 12.6.1. of | DS |. In | Dav | it has been used 
for showing the equivalence of uniform convergence in strong operator topology of a one-parameter semigroup 
depending on a parameter and the convergence in strong operator topology of the resolvents of the corresponding 
generators, Theorem 3.17. 
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Here A £ C is such that Im(X) > and the integral is with respect to the Lebesgue 
measure and with respect to the strong operator topology on B(G) Q It is known that this 
formula holds for 

(1) any bounded operator T G B(G) on a complex Banach space G with real spec- 
trum <t(T), see for example [LN|; 

(2) any infinitesimal generator T of a strongly continuous semi-group in a Banach 
space, see Corollary 8.1.16. of [DS|, in particular for any unbounded self-adjoint 
operator T : D(T) C H — > H in a complex Hilbert space H. 

Next we consider a more general case. Let S be an entire function and L > 0, then 
the Newton-Leibnitz formula 

(4) R [ ' 4?(ti2) dt = S(u 2 R) - SOuxR), 

for all Ui, U2 € [— L, L] was known for any element R in a Banach algebra A, where S(tR) 
and (tR) are understood in the standard framework of analytic functional calculus on 
Banach algebras, while the integral is with respect to the Lebesgue measure in the norm 
topology on A see for example I Rudl IDieul ISchwl . If E is the resolution of the identity 
of R then for all U G B(C) 

£f(L0={/:C-C| \\fxuW2, «*>} . 

Here \u '■ C — » C is equal to 1 in C7 and in Ct/ and for all maps F : C — > C 

||F||^ = E - e SS sup |F(A)| = af sup |F(A)|. 

AGC {<5eB(C)|-E(<5) = l} AG5 

See llDSl 

We say (see Definition ^. 1 lb that Af is an E 1 — appropriate set if 

(1) M C 5(G)* Unear subspace; 

(2) A/" separates the points of B(G), namely 

(VT e E(G) - {0})(3 W G A0(w(T) ^ 0); 

(3) (Vw 6 A/")(Vct e 6(C)) we have 

(5) w o TZ{E{a)) e TV and o C(E(a)) G /V. 

Moreover, we say that TV is an E appropriate set with the duality property if in 

addition 

(6) M* C B(G). 

Here for any Banach algebra .A, so in particular for A = B(G), we set 7?. : A — > A" 4 and 
£ : A -> A A defined by 



(7) 



7e(T) : A3 The A 
C(T) :A3h^hTeA, 



Notice that if £ = — iA and Q == iT, then the equality l(3j turns into 

/■ oo 

(Q + Cl)" 1 = / e- t( e- Qt dt, 
Jo 

which is referred in /X.1.3. of [Kat | as the fact that the resolvent of Q is the Laplace trasform of the semigroup 
e — Qt Applications of this formula to perturbation theory are in IX.2. of IKatl . 
I is the class of all Borelian sets of C. 
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for all T G A. Notice that for all T, h G A we have \\K(T)(h)\\ A < 
\\C(T)(h)\\ A < ||T|U||/i|U, so 

(8) K{T),£(T) G B(A) 

with 



ITII 



and 



(9) 



\\nT)\\B(A)<\\T\U\\C(T)\\ BiA) <\\T\\ A 



Since £ and 7£ are linear mappings we can conclude that 

i£,1ZeB(A,B(A)) 
1 < 1. 



(10) 
In © we mean 



(3 Y Q C B(G))(M* = {A \ J\f \ A e Yq}), 
(B(G)*)* is the canonical isometric embedding of B(G) into its 



where (•) : B{G) 
bidual. 

In the work the following generalizations of are proved for the case when R : 
D C G — > G is an unbounded scalar type spectral operator in a complex Banach space 
G, in particular when i? : D C H — > iZ is an unbounded self-adjoint operator in a 
complex Hilbert space H. Under the assumptions that S : U — > C is an analytic map on 
an open neighbourhood C/ of the spectrum a(R) of R such that there is L > such that 
] -L,L[-U C f/and 



Si e££(a(i?)), 




we set F the 0— extension of _F to 



The 



for all te]-L, L[, where (S)t(A) == S(tA) and (fj)t(A) == fj(<A) for all t E] — L, L[ 



and A G f7, while for any map _F 
following statements are proved. 

(1) If 



(11) 




dt < oo 



and for all ui G N the map 
measurable, then in Corollary 



L,L[3 t 



HtR)) 



G C is Lebesgue 



— i . G £, c ^(cr(R)) almost everywhere on ] — L, L[ with respect to 



2 . 3 3 1 it is proved that formula holds where the 
integral is the weak-integral f_ with respect to the Lebesgue measure and with 
respect to the <j(B(G), TV)— topology for any E— appropriate set Af with the 
duality property. Moreover in Corollary 12. 34-1 it is proved that formula also 

holds when (|| 
the Lebesgue measure 

(2) In particular it is proved that formula holds where the integral is the weak- 
integral with respect to the Lebesgue measure and with respect to the sigma-weak 
operator topology, when G is a Hilbert space (Corollary 12. 35b . 

(3) If in addition to ( fTTT i. G is a reflexive complex Banach space then in Corollary 
12.361 it is proved that formula dU holds where the integral is the weak-integral 
with respect to the Lebesgue measure and with respect to the weak operator 
topology. 



See formula 12 1 1 below. 
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(4) If 

E 




< 00, 



(12) sup 

t£]-L,L[ 

then in Theorem 1 1.251 it is proved that formula © holds where the integral is 
with respect to the Lebesgue measure and with respect to the strong operator 
topology. 

(5) In Theorem ll.23l it is proved that if in addition to the (fT2l) 

sup \\(S) t \\g < oc, 

te]-L,L[ 

then for all v e D the mapping ] — L, L[3 t i— » S(tR)v E G is differentiable, 
and (Vu £ D)(Vt e] -L,L[) 

dS(tR)v dS . 

(13) -W- = R dx^ tR >- 

(6) In Corollary 11.271 formula (0 is deduced from formula (0]l for any unbounded 
scalar type spectral operator T : D(T) C G — > G in a complex Banach space G 
with real spectrum. 

In these statements 4f-(ti2) and S(tR) are understood in the framework of the Borel func- 
tional calculus for unbounded scalar type spectral operators in G. See definition 18.2.10. 
in Vol 3 of the Dunford-Schwartz monograph [DS| (also see SectionQ]of the work). 

In order to prove equality when R is an unbounded scalar type spectral operator in 
G, we procede in two steps. First of all we consider the Banach spaces G an == E(a n )G 
where a n = B n (0) C C, with n G N, the bounded operators R an = RE(a n ), and their 
restrictions (i? CT „ \ G an ) to G„ n . Then by Key Lemma [L7l the operators R„ n \ G an are 
bounded scalar type spectral operators on G CTn , and for all x £ G 

(14) S(R)x = lim S(R an \ G a )E(a n )x, 

in G and 
(15) 

{R° n \G*J ttW^. r G,J) dt = S(u a (i2a„ r G,J) - S(ui(i^„ t G CT J). 

The second and most important step it is to set up a limiting procedure, which allows by 
using the convergence ( TBI to extend the "local" equality ( fT5l l to the "global" one 

As we shall see below such a limiting procedure can be set up in a very general context. 
First we wish to point out that the following equalities for all n £ Nandt £] —L, L[, which 
follow from Key Lemma[L7]are essential for making this limiting procedure possible 

(dS {t R)E(a n ) = ff (t(J^ n r G a J)E(a n ), 
\S(tR)E(a n ) = S(t(i2„ B r G (7n ))E(a n ). 

We note that one cannot replace in ( fT3T > R an \ G„ n with the simpler operator R an 
for the following reason. Although R an is a bounded operator on G for n G N and 
i?x = lim„ e N^cr„a; in G, in general R„ n is not a scalar type spectral operator, hence 
the expression (tR an ) is not defined in the Dunford-Schwartz Functional Calculus for 
scalar type spectral operators, which turns to be mandatory in the sequel when using gen- 
eral Borelian maps not necessarily analytic. 



(16) 
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Next we formulate a rather general statement allowing, by using a limiting procedure, 
to pass from "local" equalities similar to (fT3T > to "global" ones similar to (01. 
We generalize (|4|i in several directions. We replace 

• the operator R to the left of the integral by a function g(R), where g is a general 
Borelian map on <r(R) Q, 

• the compact set [ui , 1/2] and the Lebesgue measure on it by a general locally 
compact space X and a complex Radon measure on it respectively, 

• the map [^1,1*2] 3 f ^ (zf) t £ Bor(a(R)) by the map X 9 x — > f x £ 
Bor((r(R)) such that f x £ £^ (cr(i?)) where f x is the 0— extension to C of f x , 
and the map X 3 x — ► f x {R) £ -B(G) is strongly integrable with respect to the 
measure 

• the map S U2 — S Ul by a Borelian map h on <r(i£) such that h G £^ (er(i?)). 
One of the main results of the work is Theorem l 1 . 1 8l where we prove that if {a n }n£f$ is an 
E— sequence^, and0for all neN 

(17) Ra n t G CT „ = RE{a n ) \ (G CT „ n Dom(R)), 
and for all n £ N the following local inclusion 

(18) g{R„ n \G„J J f x {R an r G CT J dfx(x) C /i(i? CT „ r <? CT J 
holds, then £ B(G) and the global equality holds, i.e. 

(19) g(R) f f x (R)dfi(x) = h(R). 



Here all the integrals are with respect to the strong operator topology. 

Now we can describe Extension Theorem and the Newton-Leibnitz formula for the 
integration with respect to the <r(B(G),M)— topology, where Af is a suitable subset of 
B(G)*, which, roughly speaking, is the weakest among reasonable locally convex topolo- 
gies on B(G), for which the aforementioned limiting procedure can be performed. 

In Section|2]we recall the definition of scalar essential [i— integrability and the weak- 
integral of maps defined on X and with values in a Hausdorff locally convex spaces, where 
\x is a Radon measure on a locally compact space X. 

Here we need just to apply these definitions to the case of a(B(G),M), i.e. the weak 
topology on B(G) defined by the standard duality between B(G) and TV where J\f is a 
subset of the (topological) dual B(G)* of B(G) such that it separates the points of B(G). 

Thus / : X — > (B(G),cr(B(G),Af)) is by definition scalarly essentially [i— integrable 
or equivalently / : X — > B(G) is scalarly essentially fi— integrable with respect to the 
measure /j, and with respect to the a(B(G),Af) topology on B(G) if for all u> £ Af the 
map oj o / : X — > C is essentially /1— integrable o so we can define its integral as the 



7 The most interesting case is when the operator g(R) is unbounded. 

" This means that X 9 x — > f x (R)v G G is integrable with respect to the measure fi for all v G G, in the sense 
of Ch 4, §4 of Bourbaki [INT |, and the map G9»n J (B)f; £ G is a (linear) bounded operator on G. 
' By definition this means that for all n 6 N a n € 6(C), for alln,m£Mn>m=>ff„ 5 supp(B) C 
UngN nence we have lim n6N E(a n ) = 1 strongly. 

10 By Key Lemma [T~7l R„„ \ G a „ is a scalar type spectral operator in the complex Banach space G CTrl , but 
in contrast to the previous case where <r n = B n (0) was bounded, here cr„ could be unbounded so it may 
happen that G CT „ ^ Dom(R) hence the restriction Ra n \ G CT „ of Ra- n to G CTll has to be defined on the set 
G CT „ n Dom(R), and it could be an unbounded operator in G CTll 

11 See for the definition Ch. 5, §1, n°3, of ffNTI 
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following linear operator 

N 3 lu h-> J u(f(x))d(j,(x) e C. 
Let / : X — > (B(G), a(B(G),Af)) be scalarly essentially fx— integrable and assume 

that 

(20) (3 Be B(G))(Vuj S AO = ^ uj(f(x))dp(x)j . 

Notice that the operator B is defined by this condition uniquely. In this case, by def- 
inition / : X —> (B(G),cr(B(G),Af)) is scalarly essentially (//, B(G))— integrable 
or / : X — > B(G) is scalarly essentially (/i, B(G))— integrable with respect to the 
o~(B(G),J\f)— topology and its weak-integral with respect to the measure fi and with 
respect to the a(B(G),Af)— topology or simply its weak-integral, is defined by 



(21) I f(x)dp(x)=B. 

Next we can state Theorem l2.25l , the main result of the work. 

THEOREM 0.1 ( a(B(G),J\f)— Extension Theorem ). Let G be a complex Banach 
space, X a locally compact space and fi a complex Radon measure on it. In addition 
let R be a possibly unbounded scalar type spectral operator in G, cr(R) its spectrum, E 
its resolution of the identity and TV an E— appropriate set. Let the map X 3 x i — > f x G 
Bor(a(R)) be such that f x 6 £^(cr(i?)) fx— locally almost everywhere on X and the map 
X 3 x i — ► fx(R) G (B(G), a(B(G),J\f)) be scalarly essentially (/i, B{G))~ integrable. 
Finally let g,h G Bor(a(R)) and h G £^(a(R)). 

'/{ (J n}n6N is on E— sequence and for all n G N 



(22) g(R an r G an ) J f x {R„ n \ G a Jdp(x) C h{R„ n \ G CT J 
then h(R) G B(G) and 

(23) g(R) J f x (R)dp(x)=h(R). 



In (1221 l the weak-integral is with respect to the measure /i and with respect to the 
a(B(G arl ),J\f an ) — topology^ while in (123b the weak-integral is with respect to the mea- 
sure /i andwith respect to the a(B(G),J\f)— topology. 

Notice that g(R) is a possibly unbounded operator in G. 

We list the most important results that allow to prove Theorem l2.25l 

(1) Key LemmaO 

(2) "Commutation" property (Theorem l2.13l >: 



(24) Vct G S(C) 



f x (R)dn(x), E(a) 



0; 



(3) "Restriction" property (Theorem l2.22b : for all a G £?(C) we have that f x (R a \ 
G a ) G B(G a ), [i— locally almost everywhere onI,l9iH fx{Ra \ G a ) G 
(B(G a ), a-(B(G a ),J\f a )) is scalarly essentially (/i, B(G a ))~- integrable, and 

(25) J f x {R a \ G a ) dp{x) = J f x {R) dp(x) \ G CT ; 

^ M(j n is, roughly speaking, the set of the restrictions to B{G an ) of all the functionals belonging to M ■ For the 
exact definition and properties see Definition l2.20l and Lemma l2.17l 
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(4) finally the fact that 

Dom (q(R) J f x (B)dpi(x)^ is dense in G. 

We remark that the reason for introducing the concept of an E— appropriate set is 
primarily for obtaining the commutation and restriction properties. 
Now we define 

(26) Kt(G) = (B(G),T st (G))* = £c({V(^) I (M G G* x G}). 

Here (B(G), T st (G))* is the topological dual of B(G) with respect to the strong operator 
topology, i/>u tV ) ■ B(G) 3 T i — ► 4>(Tv) G C, while Stc(J) is the complex linear space 
generated by the set J C B(G)*. Then a(B(G),Af s t(G)) is the weak operator topology 
on B(G) and Af s t(G) is an ^—appropriate set for any spectral measure E. 
Moreover we set in the case in which G is a complex Hilbert space 

M p d(G) = predualof B(G), 

which is by definition the linear space of all sigma-weakly continuous linear functionals 
on B(G). 
Note that 

(27) N P d(G)* = B(G). 

(See statement (in) of Theorem 2.6., Ch. 2 of IITakl . or Proposition 2.4.18 of |BR|). Here 
we mean that the normed subspace N p d{G)* of the bidual (B(G)* )* is isometric to B(G), 
through the canonical embedding of B(G) into (B(G)*)* . 

Hence we can apply the Extension Theorem l2.25l to the case TV = N s t(G), or TV == 
TVpd(G) and use the following additional property which is proved in Proposition 12. 231 

(28) (M st {G)) a = Af s t(G a ) , and (N pd (G)) a = N pd (G a ). 

The reason of introducing the concept of duality property for E— appropriate set is 
primarly for assuring that a map / : X — > (B(G),a(B(G),Af)) scalarly essentially 
fjL— integrable is also (/i, B(G))— integrable. 

As an application of this fact and of the Extension theorem we obtain the Newton- 
Leibnitz formula in © by replacing A with B(G), R with an unbounded scalar type 
spectral operator in a complex Banach space G, by considering S analytic in an open 
neighbourhood U of <r(i?) such that ] — L, L[-U C U, and the integral with respect to 
the a(B(G), TV) —topology, where TV is an appropriate set with the duality property ( 
Corollary|231. 

Finally in a similar way we obtain the corresponding results for the cases of the sigma- 
weak operator topology (Corollary 12.351 ). and for the cases of weak operator topology 
(Corollary |2.36l ). The last result is a complement to Theorem l 1.251 



Summary of the main results 



Let G be a complex Banach space, R an unbounded scalar type spectral operator in 
G, for example an unbounded self-adjoint operator in a Hilbert space, a(R) its spectrum 
and E its resolution of identity. The main results of the work are the following ones. 

(1) Extension procedure leading from local equality ( 1221 to global equality d23T i for 
integration with respect to the <r(B(G), TV)— topology (Theorem |2.25| if TV is an 
E— appropriate set and Corollary 12.261 if W is an E— appropriate set with the 
duality property). 

(2) Extension procedure leading from local equality ( 1221 to global equality ( 1231 for 
integration with respect to the sigma-weak topology ( Corollary 12 . 28 1 and Theo- 
rem 12. 29b and for integration with respect to the weak operator topology (Corol- 
larv l2.27l and Theorem l2.30l or Theorem ll,18l and Corollary 1 1.19b . 

(3) Newton-Leibnitz formula (@]l for a suitable analytic map S for integration with 
respect to the cr(B(G),J\f) — topology, where TV is an E— appropriate set with 
the duality property (Corollary 12.331 and Corollary I2.341 >; for integration with 
respect to the sigma-weak topology (Corollary 12.35b and for integration with 
respect to the weak operator topology (Corollary 12. 36l and Theorem l 1.25b . 

(4) Differentiation formula ( fT~3~t for a suitable analytic map S ( Theorem 1 1.2 II and 
Theorem l 1.23b . 

(5) A new proof for the resolvent formula ([3]l via formula (0]l (Corollary 1 1.27b . 
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CHAPTER 1 



Extension theorem. The case of the strong operator 

topology 



Preliminaries 1.1. Integrals of bounded Borelian functions with respect to a 
vector valued measure. In the sequel G = (G, || • ||g) will be a complex Banach space. 
Denote by Pr(G) the class of all projectors on G, that is the class of P G B(G) such 
that P 2 = P. Consider a Boolean algebra Bx, see Sec. 1.12 of [DS|, of subsets of a 
set X, with respect to the order relation defined byer>(5<^>erD(5 and complemented 
by the operation a' = Ccr. In particular Bx contains and X and is closed under finite 
intersection and finite union. 

The map E : Bx — ► B(G) is called a spectral measure in G on Bx, or simply on X 
if X is a topological space and Bx is the Boolean algebra of its Borelian subsets, if 



(1) E(B X ) C Pr(G); 

(2) (Voi, £r a G B x ){E(a 1 r\a 2 ) = E{a l )E(a 2 )); 

(3) (V<ti !( t 2 eB x )(E(a 1 Ua 2 ) = E(tn) + E(a 2 ) - E(ai)E(a 2 )); 

(4) E(X) = 1; 

(5) E(9) = 0. 

(See Definition 15.2.1 of |D51 ). 



we obtain an equivalent definition. 

Notice that if E is a spectral measure in G on Bx, then it is a Boolean homomorphism 
onto the Boolean algebra E(Bx) with respect to the order relation induced by that defined 
in Pr(G) by P > Z <^ Z = ZP and complemented by the operation P' = (1 - P). 
Indeed for all a, S G B x we have 5 C a ^ E(6) = E(S R a) = E{S)E{a) <S> £J(<5) < 
E(ct), while 1 = E(a U GV) = J5(cr) + E(Ccr). 

A spectral measure E is called (weakly) countable additive if for all sequences 
{£«}n£N C Bx of disjoint sets, for all x G G and for all G G* we have 



If £>jf is a cr-field, i.e. a Boolean algebra closed under the operation of forming countable 
unions, we have by Corollary 15.2.4. of the (DS | that E is countably additive with respect 
to the strong operator topology, i.e. for all sequence {e„}„ e N C £>(C) of disjoint sets and 



1. Key lemma 



If condition (3) is replaced by condition 

(3')(Vcti,<7 2 G B x I 01 ncr 2 = 0)(£(cti Ucr 2 ) 



E(a 1 ) + E(a 2 )), 




l 



2 



L. EXTENSION THEOREM. THE CASE OF THE STRONG OPERATOR TOPOLOGY 



for all x £ G we haveQ 



oo 



(29) 



E( |J e n )x = ^2 E{e n )x = E(e n )x. 



neN n=l neN 



Since E(\J neN e n ) = E(\J neN e p(n) ), for any permutation p of N, hence J2n=i E ( £ n) x = 
S^Li E( £ p(n)) x f° r a U x E G, therefore by Proposition 9, §5. 7., Ch. 3 of HGTI we obtain 
the second equality in d29l . By £>(C) we denote the set of the Borelian subsets of C, and 
by Bor(U) the complex linear space of all Borelian complex maps defined on a Borelian 
subset U of C. We denote with TM the space of the totally B(C) — measurable maps0, 
which is the closure in the Banach space (B(C), || • || SU p) of all complex bounded functions 
on C with respect to the norm ||<?|| SU p 4= sup AeC |g(A)|, of the linear space generated by the 
set {xa | o £ £?(C)}, where \ a is the characteristic function of the set a. (TM, || • || SU p) 
is a Banach space, and the space of all bounded Borelian complex functions is in TM so 
dense in it. Finally (TM, || ■ || sup ) is a C* — subalgebra, in particular a Banach subalgebra, 
of (B(C), || • ||sup) if we define the pointwise operations of product and involution on 



Let X be a complex Banach space and F : 6(C) — * X a weakly countably finite 
additive vector valued measure, see Section 4.10. of HDSL then we can define the integral 
with respect to F, see Section 10.1 of BPS II , which will be denoted by J c fdF. The 
operator 



see statement (/) of Theorem 4.10.8. of the iDSl . 

If X = B{G), the case we are mostly interested in, we have, as an immediate result 
of this property and the fact that the map Q x : B(G) 3 A i— > Ax £ G is linear and 
continuous for all x £ G, that 



Here F x : B(C) 3 a i— > F(a)x. Finally if E is a spectral measure on C, then T'; is a 
continuous unital homomorphism between the two Banach algebras (TM, || • || sup ), and 
(B(G), || ■ || S (g)) and lUxsupps) = 1, see © and Section (2), Ch 15 ofUDSl. 

Borel functional calculus for possibly unbounded scalar type spectral operators 
in G. If T : T>(T) C G — * G is a possibly unbounded linear operator then we denote by 
<j(T) its standard spectrum. A possibly unbounded linear operator T : T>(T) C G — > G is 
called a spectral operator in G if it is closed and there exists a countably additive spectral 
measure E : B(C) — > Pr(G) such that 

1 By definition, see Ch.3 of IGT1 . v = J2nen E{ £ n)x if t) = lim Je -p^( N ) SnsJ E(e n )x, where ^(N) is 
the direct ordered set of all finite subsets of N ordered by inclusion. 

^ In |DS | denoted by B(C, B(C)), while by using the notations of I)in2 1 and considering C as a real Banach 
space we have TM = TM B (B(C)). 

3 Notice that if we identify B(G) with B(R, B(G)) and recall that TM = TM,(S(C)), then with the 
notations of Definition 24, §1, Ch. 1 of |Din2 | we have that 1^ is the immediate integral with respect to the 
vector valued measure E : B(C) -* B(R, B(G)). 



B(C). 




(32) 



(Vx £ G)(V/ £ TM)(I c F (/)x = If (/)). 
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i: for all bounded sets 5 6 8(C) 

E(S)G C D(T); 

ii: (V<J € 8(C)) (Vz £ D(T)) we have 

(1) (E(S)V(T) C 2J(T)), 

(2) TJ5(£)a: = E(S)Tx; 
iii: for all <5 £ 8(C) we have 

(t(T \ (D(T) n E(S)G)) Cl 

Here <r (T f (2?(T) ("1 E(5)G)) is the spectrum of the restriction of T to the do- 
main 2?(T) n E{5)G. 

(See Definition 18.2.1. of the |DS|). We call any E with the above properties a resolution 
of the identity of T. Theorem 18.2.5. of [DS | states that the resolution of the identity of a 
spectral operator is unique. 

Finally we call support of a spectral measure E on Bx, the following set 

suppi? = Pi a. 

{aeBx\E(a) = l} 

It is easy to see that 

(34) E(supp.E) = l. 

Notice that an unbounded spectral operator T is closed by definition. Now we will show 
that T is also densely defined. In fact if E is the resolution of the identity of T and 
if {<?n}neN C 8(C) is a non decreasing sequence of Borelian sets such that <r(T) C 
LLeN CT ™' trien by m e strong countable additivity of E, the fact that E(a(T)) = 1 we can 
deduce 1 = lim„ G N E(a n ) in the strong operator topology of B(G), see (l47b . Now we can 
choose {cr r i}rieN such that a„ = 8 n (0) = {A e C | |A| < n}, or <j n = VF(0, 2n) 4= {A G 
C | |i?e(A)| < n,\Im(\)\ < n,}. But by the property (i) of the Definition 18.2.1. of [DS|, 
we know that for all bounded sets a £ 8(C) we have E(a)G C Dom{T). Therefore we 
conclude that for all v £ G, v = lim„ e N E(a n )v and for all n £ N, E(a n )v £ Dom(T), 
so Dom{T) is dense in G. 

We want to remark that for each possibly unbounded spectral operator T in G by 
denoting with <r(T) its spectrum and with E : 8(C) — > Pr(G) its resolution of the identity, 
we deduce by Lemma 18.2.25. of flDSl that a(T) is closed, that supp E = a(T) so by 

E(a(T)) = 1. 

Now we will give the definition of the Borel functional calculus for unbounded spectral op- 
erators in a complex Banach space G, that is essentially the same as in Definition 18.2.10. 
offheflDS). 



Indeed let S supp E then 
(33) CS= [J Cff. 

{a£B x \E(a) = l} 

Moreover E is order-preserving so for all a 6 Bx such that -E(c) = 1 we have _E(C<f) < B(C<t) = 1 — 
-E(cr) = 0. Hence by the definition of the order E(Ca) = E(Ca)0 = 0. Therefore by the Principle of 
localization (Corollary, Ch 3, §2, n°l of |INT'j) which holds also for vector measures (footnote in Ch 6, §2, n°l 
of (TNT)) we deduce by (33) that E(CS) = 0. Finally 

E(S) = 1 - E(CS) = 1. 
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Definition 1.2. Let X be a set, S c X, V a vector space over K G {R, C} and 
/ : S V. Then we define f x , or simply / when it doesn't cause confusion, to be the 
O-extension of / to X, i.e. / : X — > V such that / \ S = f and f(x) = for all 
x G (X — S), where is the zero vector of V . 

Definition 1.3. [Borel Functional Calculus of E] Assume that 

(1) E : B(C) — > Pr(G) is a countably additive spectral measure and S its support; 

(2) / G Bor(S); 

(3) for all a C C we set f a : C — > C such that / CT == / ■ Xo-' 



(4) <5„ = [— n, +nj and 



/n — J-l 



(35) 



Here (Vcr C C)(V.g : X> C)( g (cr) = {A G P | g{\) G cr}). 
Of course f n G TM for all n G N so we can define the following operator in G 

(Dom(f(E)) = {x G G | 31im neN l£ (/ n )x} 
\(Vx G Dom(f(E)))(f(E)x = lim„ eN 

Here all limits are considered in the space G. We call the map / i— > /(-E) the Borel 
functional calculus of the spectral measure E. 

In the case in which E is the resolution of the identity of a possibly unbounded spectral 
operator T, recalling Lemma 18.2.25. of [DS | stating that <r(T) is the support of E, we 
can define f(T) = f(E) for any map / G Bor(a(T)) and call the map 

Bor(a(T)) 3 f » f(T) 

the Borel functional calculus of the operator T. 

Definition 1.4. [18.2.12. of flDSI l A spectral operator of scalar type in G or a 
scalar type spectral operator in G is a possibly unbounded linear operator R in G such 
that there exists a countably additive spectral measure E : B(C) — > Pr(G) with support S 
and the property 

R = i(E). 

Here t : S 3 X ^ X E C, and i(E) is relative to the Borel functional calculus of the 
spectral measure E. We call E a resolution of the identity of R. 

Let R be a scalar type spectral operator in G and E a resolution of the identity of R, 
then we have the following statements by IIDS1 : 

• T is a spectral operator in G; 

• E is the resolution of the identity of T as spectral operator; 

• E is unique. 

Definition 1.5 ( llDSl ). Let E : B(C) — > Pr(G) be a countably additive spectral 
measure and U G 6(C), then the space of all E— essentially bounded maps is the following 
linear space 

££(£/) #{/:C^C | ||/XtHI» < °°} ■ 
Here : C — + C is the characteristic map of E7 which is by definition equal to 1 in U and 
in C[/, and for each map F : C — > C 

||F||£ = £ - e SS sup |F(A)| = inf sup |F(A)|. 

agc {<5gb(C)|.e(<5)=i} Aea 
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For a Borelian map / : U D <j{R) — > C, with [/ G 23(C), we define f(R) to be the 
operator (/ \ a(R))(R). Let g : U C C — > C be a Borelian map. Then g is 27— essentially 
bounded if 

£ - ess sup |s(A) | = \\g\\%> < °°- 
Aec/ 

See Definition 17.2.6. of [DS]. One formula arising by statement (i) of the Spectral Theo- 
rem 18.2.11. of the (DS|, which will be used many times in the work is the following: for 
all Borelian complex function / : cr(R) — > C and for all cf) £ G* and y G Dom(f(R)) 

(36) ^(f(R)y)= I fdE {M . 

Jc 

Here G* is the topological dual of G, that is the normed space of all C— linear and con- 
tinuous functionals on G with the sup —norm, and for all (j> G G* and y G G we define 
£ W)J/) : 23(C) 3 <T h-> 0(#(tr)y) £ C. Finally if P e Pr(G) then (P(G),\\ ■ \\ P(G) ), 
with || • \\p(G) 4= II ' \\g I" P{G), is a Banach space. In fact let {v„} n eN C G be 
such that v = lim n ^Pv n , in || • \\g, so P = P 2 being continuous we have that 
Pv — lim„ e N P 2 Vn — liningN Pv n =f v, so v E P(G), then P(G) is closed in (G, || • ||g) 
, hence /P(G), || • ||f(G)) is a Banach space. If E : By —* Pr(G) is a spectral measure 
in G on By and <r G 23y, then we shall denote by G^ or simply G a the complex Banach 
space E(a)G, without expressing its dependence by E whenever it does not cause confu- 
sion. In addition for any Q possibly unbounded operator in G we define for all a G By the 
following possibly unbounded operator operator in G 

Qa = QE(a). 

Finally we shall denote by 23;, (C) the subclass of all bounded subsets of 23(C). 

Definition 1.6. Let F be a C-Banach space, P e Pr(F) and S : Dom(S) CF^ 
F, then we define 

(37) SP \ P(F) = SP \ (P(F) n Dom(SP)). 

Notice that by the property P 2 = P we have P(F) f~l Dom(S) = P(F) n Dom(SP), and 
that 

SP \ P(F) = S r (P(F) n Dom(S)). 
Moreover in the case in which PS C SP then 

f P(P) : P(F) n Dom(S) -> P(P). 

That is SP |" P(P) is a linear operator in the Banach space P(F). Let £ : 23y — > Pr(G) 
be a spectral measure in G on 23y, er G 23y and Q a possibly unbounded operator in G 
such that E(a)Q C QE{a), then 

Q ff I" Gcr : G CT n Dom(Q) > G CT . 

In particular if R is a possibly unbounded scalar type spectral operator in G, P its reso- 
lution of the identity and / G Bor(<j(R)), then by statement (g) of Theorem 18.2.11 of 
llDSl , we have that for all a G 23(C) 

E(a)f(R) C f(R)E(a). 

Hence for all a G 23(C) 

(38) { Ra r Gct = (G " Dom W> = R\(G a n Dom(R)) 

\ f{R) a \ G a = f(R) a \ (G a n Dom(f(R))) - f(R) \ (G a n Dom(f(R))) 
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are linear operators in G a - Finally E(cr(R)) = 1 implies E(a) = E(a n cr(R)) for all 
a G 23(C) so by (08) 

^g-j J r = Rcrncr(R) \ Garicr(B.) 

LEMMA 1.7 (Key Lemma). Let R be a possibly unbounded scalar type spectral op- 
erator in G, E its resolution of the identity, cr{R) its spectrum and f G Bor(a(R)). Then 
for all a G 23(C) 

(1) R a \ G a is a scalar type spectral operator in G a whose resolution of the identity 
E a is such that for all 5 G B(<C) 

E (T (S) = E(S) f G a G B{G cr ), 

(2) 

f(R) a \G a = f(R tt \G a ), 
(3) for all g G Bor(o~(R)) such that g(a R p{R)) is bounded, we have that 

g(R)E(a)=l£(g-x*)&B(G), 

PROOF. Let a G B(C). By the fact that E{a nS) = E(5)E(a) = E{a)E(S) for all 
5 G 23(C) and E(a) \ G a = 1 CT the unity operator on G a , we have for all S G 23(C) 

(40) £ CT (<T) = E(a r\S)\G a e B(G a ). 

In particular E a : 23(C) — > B(G a ), moreover E is a countably additive spectral measure 
in G, so 

(41) E a is a countably additive spectral measure in G a . 

By Lemma 18.2.2. of |DS | E a is the resolution of identity of the spectral operator R„ \ G a 
so by Lemma 18.2.25. of (DS) applied to R a \ G a 

(42) suppE a = a{R a \G a ). 

Furthermore by (f39]> and (Hi) of Definition 18.2.1. of |DS) we have a{R a \ G a ) C 
cr n u(R), then by the equality er n cr(-R) = er n cr(R), we deduce 

(43) cr^ f G a ) C cf H er(i?) C a{R). 

Hence d42l and d43b imply that the operator function f(E a ) is well defined. For all x G 

Dom{f{R) a \G a ) 



G a )x = f(R)x 




bydH 


= lim If (/■ 


X-i 

1/105, 


) by OS, 02) 


= Iiml5(/. 


X-i 

\fm 


) by x G G CT , <EB 




= lim !§'(/■ 


X-i 

l/l(«r 


)a: by!© 


- /(£ CT )z. 




by (|35l> 
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So f(R) a \ G{j C f(E a ). For all x £ Dom{f{E a )) 



f{E a )x= limine/ -X-x )byOD, 

™ eN l/KM 

= limlf ) 

l/KM 



limlf(/-y-i )s 

«e N l/KM 



by 

= (/(JZ) a r by (O,® 

So C \ G a , then 

(44) r G a = 

Therefore statement (1) follows by setting f = t, while statement (2) follows by statement 
(1) and dSJl. Let g e Bor{a{R)) such that g(a n <j(R)) is bounded, then 

-l 

(3ne N)(Vm > n)(cr n |.g|(<5 m ) =<rncr(fl)). 

Next E(a(R)) = 1, so £?(cr) = E(a)E(a(R)) = E(a(R) D a). Since if is an algebra 
homomorphism, for all m € N 

if(?-x rl 

IsKM) 



= Ic(5 


X-i 
lsl(^ 


)E(a H a(R)) 


= 1^(5 




)Ic (Xern<r(R)) 




| 9 |(<5n 




X-i 


' Xcrncr(_R)) 




\g\(s v 


= 1^(5 


X-i 


) 




\g\(6„ 


,)n<rn<7(ii) 




X-i 


)• 




\g\(s„ 


i)Hcr 



This equality implies that 
(45) 



(3n e N)(Vm > n)(lf (5 • X -i )E{a) = l£(g ■ x„n*(R)))- 

\a\iM 



Furthermore 



It (5 ' Xana(R)) = If (S%7Xct(.R) ) 

= Ic(gXv)Ic(X<j(R)] 

= lE(g X „)E(a(R)) 
= lc(9Xa). 



Therefore by (05]) 



(46) (3neN)(Vm>n)(l£(g- X -i = • X(r )). 

Iffl(5m) 

Moreover by definition in d35l we have for all x £ Dom(g(R)) that 



g(i?)x = lim If (5 ■ x-i )x 

ra->oo | a |(j n ) 



and Dom(g(R)) is the set of a; g G such that such a limit exists; thus by d46b we can 
conclude that E{a)G C Dom{g(R)) and g{R)E(a) = I$(g ■ X a) £ .8(G), which is 
statement (3). □ 
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COROLLARY 1.8. Let R be a possibly unbounded scalar type spectral operator in G, 
andf <E Bor(a(R)). Then for all a G B(C) 

f(R)E(a) = f(R (T \G a )E(a). 

Moreover if f(a D cr(-R)) is bounded then 

f(R a \G a )E{a)eB{G). 

Proof. Let y e Dom(f(R)E(a)) then E{a)y e G a n Dom(f(R)) hence by ll38l 
Lemma [L7l 

f(R)E(a)y = f G„)E(a)y = ] G a )E(a)y. 

So f(R)E(a) C /(ik f G a )E{a). Next let y e Dom(f(R a \ G a )E{a)), then E(a)y £ 
Dom(f{R a \ G a )), hence by LemmaOand 

t G a )(E(<r)y) = f(R)E(a)E(a)y - f(R)E(a)y. 

So r G a )E(a) C f(R)E(a). Thus we obtain statement (1). Statement (2) follows 

by statement (1) and statement (3) of Lemma ll.7l □ 

2. Extension theorem for strong operator integral equalities 

NOTATIONS 1 .9. Let X be a locally compact space and /i a measure on X in the sense 
of the Bourbaki text [INT | see I II. 7, Definition 2, that is a continuous linear C— functional 
on the C— locally convex space H{X) of all compactly supported complex continuous 
functions on X, with the direct limit topology (or inductive limit) of the spaces H(X; K) 
with K running in the class of all compact subsets of X, where H(X; K) is the space of all 
complex continuous functions / : X — > C such that supp(/) = {x 6 X \ f(x) ^ 0} C K 
with the norm topology of uniform convergence 0. In the work any measure /i on J in 
the sense of [INT| will be called complex Radon measure on X. For the definition of 
fi—integrable functions defined on X and with values in a C—Banach space G see IV.23. 
Definition 2 of [INT], while the integral with respect to \x of a fi—integrable function 
f : X — > G , which will be denoted with J f(x) dfi(x) £ G, is defined in Definition 
1, 777.33 and Definition 1, IV.33 of HINT1 . For the definition of the total variation 
and definition and properties of the upper integral J* gd\p\{x) see Ch. 3 — 4 of | INT | . 
We denote by Comp(X) the class of the compact subsets of X and by ^(X; fi) the 
seminormed space, with seminorm || • ||y (X;/i)> of all maps F : X — > C such that 

\F(x)\d\n\(x) <oo. 

In this section it will be assumed, unless the contrary is stated, that X is a locally compact 
space and p, is a complex Radon measure over X. Let B C X be a p— measurable set, 
then by p — a.e.(B) we mean " almost everywhere in B with respect to the measure \i ". 
Let / : X — > B(G) be a map \i— integrable in the normed space B(G) (Definition 2 Ch. 
IV, §3, n°4 of [INT]) then we convene to denote with the symbol 

I f(x)dp(x)€B(G) 



H(X; K) is isometric to the Banach space of all continuous maps g : K — > C equal to on dK, with the 
norm topology of uniform convergence 
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its integral in B(G) (Definition 1 Ch. IV, §4, n°l of [INTQ, whichis uniquely determined 
by the following property for all <fi £ B{G)* 

ftf f(x)dn(x))= J <f>(f(x))d^(x). 

For any scalar type spectral operator S in a complex Banach space G and for any Borelian 
map f : U D cr(S) — » C we assume that f(S) is the closed operator defined in (l35l l and 
recall that we denote by / the 0— extension of / to C, see Definition 1 1.2 1 



Definition 1.10 (E— sequence). Let E : By — > Pr{G) be a spectral measure in G 
on By then we say that {cr n } rl gN is an E— sequence if there exists an S £ By such that 
E(S) = 1 and 

• (Vn € N)(a„ £8y); 

• (Vn, m S N)(n > m =4- a n D a m ); 

• S C U„ e N CT «- 

PROPOSITION 1.11. Let E : By — > Pr(G) be a countably additive spectral measure 
in G on a a— field By, and {cr n }„gN fln E— sequence. Then 

(47) lim E(a n ) — 1 in strong operator topology. 

n — *oc 

PROOF. Let 5 1 € By of which in Definition 11.101 associated to the E— sequence 
{<7n}neN- So E(S) = 1 and E is an order-preserving map, then -E(U n eN fJ ™) — E(S) = 
1. Since 1 is a maximal element in (E(By), >) 

E(\Ja n ) = l. 

nGN 

Let us define 771 = a%, and for all n > 2, r\ n = a n D Ccr n _i, so for all n £ N, cr n = 
Ufc=i Vk, and for all n ^ m E N, r? n n r? m = 0, finally U„ eN Vn = U„ eN (ULi Vk) = 
UnGN cr «- Therefore by the countable additivity of E with respect to the strong operator 
topology 

00 

E(\J a n )=E(\J Vn ) = J2 E (Vn) 

neN n£N n=l 

n n 

= lim y2 E (Vk) = lim E([j Vk ) 

h— 1 fe=l 

= lim S(cr n ). 

n — >oo 

Here all limits are with respect to the strong operator topology, hence the statement. □ 

Definition 1.12 (Integration in the Strong Operator Topology). Let G\, G2 be two 
complex Banach spaces, and / : X — » B(G\, G2). Then we say that / is fi— integrable 
with respect to the strong operator topology if 

(1) for all v E Gi the map I3ih f(x)v E G2 is \i— integrable; 

(2) if we set 

F : d 3 v hh. /" f{x){v)dii{x) £ G 2 
then i 7, G B{G U G 2 ). 
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In such a case we set J f(x) d/i(x) = F, in other words the integral J f(x) dfi(x) of / 
with respect to the measure /j, and the strong operator topology is a bounded linear operator 
from Gi to G2 such that for all v £ Gi 

f(x)d^x)^ (v)= J f(x)(v)d^(x). 

We shall need the following version of the Minkowski inequality 

PROPOSITION 1.13. Let Gi, G2 be two complex Banach spaces, and a map f : X — * 
B(Gi, G2) such that 

(1) (Vu £ Gi)(V0 £ Gg) the complex map X 3 x <f>(f(x)v) £ C is 
ji— measurable; 

(2) for all v £ G±, K £ Comp(X) there is H <Z G2 such that H is countable and 
f(x)v £ ~H p, - a.e.(K); 

(3) (X 3 x » ||/(x)||b( Gi) G 2 )) £ $i(X; n), 

Then f is fj,—integrable with respect to the strong operator topology and we have 



J f(x)dn(x) 


<-J 




B(GuG 2 ) J 



\\f(x)\\B(G u G 2 ) d\fl\(x). 

Proof. By hypothesis (3) we have for all v £ Gi 



(48) 



||/(^|| G2 d| M |(^) < \\v\U 



Wf(x)\\B(G u G 2 )d\fJ,\(x) < 



J f(x)vdfi(x) 


< \H Gl [ 




G 2 J 



By hypothesis (1 - 2) and Corollary 1, IV. 7 Q of [INT|, we have for all v £ Gi that the 
map X 1— > f(x)v £ G2 is \i— measurable. Therefore by (|48l l and by Theorem 5, IV.71 of 
[INT I we deduce for all v £ Gi that X t— > f(x)v £ G2 is \i— integrable. So in particular 
by Definition 1, IV M of iBNTl for all v £ Gi there is J f(x)vdp,(x) £ G 2 while by 
Proposition 2, iV.35 of iBNTl and the (08) we obtain for all t> £ Gi 

l/(^)lls(G 1 ,G 2 )rf|Ml(a;) 

Hence the statement follows. □ 

Remark 1.14. As it follows by the above proof Proposition [TTT3] is also valid if we 
replace the hypotheses (1 — 2) with the following one 

(T) Vv £ Gi the map X 3 x t—> f(x)v £ G2 is fi— measurable. 

LEMMA 1.15. Let X, Y, Z be three normed spaces over the same field K £ {R, C}, 
R : Dom(R) C Y — > Z a possibly unbounded closed linear operator and A £ B(X, Y). 
Then R o A : D — > Z w a closed operator, where D = Dom(R o A) 

Proof. Let {x n }„ G N C D = {x e X \ A(x) £ Dom(R)}, and (x, z) £ X x Z 
such that x = liirin^oo x n , and z = lim JWOO i? o A(x„). A being continuous we have 
A(x) — lirrin-joo A(x n ), but z = liirin^oo R(Ax n ), and i? is closed, so z = i?(A(x)) = 
i? o A(x), hence (x, z) £ Graph(R o A), which is just the statement. □ 

LEMMA 1.16. Let X be a normed space and Y a Banach space over the same field 
K £ {K, C}, finally U : D <Z X ^ Y be a linear operator. If U is continuous and closed 
then D is closed. 
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Proof. Let {x n } ne N c D and x £ X such that x = lim n 

— >oo Xn- So by the con- 
tinuity of U we have for all n, m £ N that ||J7(x n ) — U(x m )\\ = \\U(x n — x m )\\ < 
\\U\\ \\x n — x m \\, hence lim( nm ) gN 2 ||J7(x„) — U (x m )\\ = 0, thus Y being a Banach space 
we have that there is y £ Y such that y = Uru n _voc U(x n ). But {/ is closed, therefore 
y = U(x), so x £ D, which is the statement. □ 

THEOREM 1.17. Let R be a possibly unbounded scalar type spectral operator in G, 
<j{R) its spectrum and E its resolution of the identity. Let the map X 3 x t— > f x £ 
Bor{a{R)) be such that for all x £ X, f x £ £|?(cr(i?)) where X 3 x h-> f x (R) £ B(G) 
is p—integrable with respect to the strong operator topology. 

Then 

(1) for all a £ B(C) the map X 3 x > f x {R a f G a ) £ B(G a ) is fi—integrable 
with respect to the strong operator topology and 



< 


J f x (R)dp(x) 




B(G a ) 




B(G) 



f x {R a \G a )dn(x) 

(2) If g, h £ Bor(a(R)), {cr n }„gN is an E— sequence, and for all n£N 

(49) g(R an r G an ) J f x {R an \ G a Jdp(x) C h{R„ n \ G a J. 
then 

(50) g(R) J f x (R)dn(x) \ 9 - h(R) \ 9, 

where 9 = Dom (g(R) J f x (R)dfi(x)j n Dom(h(R)) and all the integrals are with 
respect to the strong operator topologies. 

Notice that g(R) is possibly an unbounded operator in G. 

Proof. Let a £ B(C) then by (g3j 

(Vcr £ B{C)){a{R a \ G a ) C ct n <r(i?) C cr(i?)). 

which implies that all the following operator functions g{R a \ G a ), h(R a \ G a ) and for 
all x £ X the f x {R a \ G„), are well defined. By the fact that {5 £ B(C) \ E{8) = 1} C 
{<5 G S(C) | E a (S) — 1 CT } which follows by statement (1) of Lemma ll.7l we deduce for 
all x £ X 

||/*|li'5ll/*||^=J/»X„(fl)ll^<oo J 
where the last equality came by J x X<j(R) — fx, while the boundedness by the hypothesis 



f x £ £f (<t(R)). Thus f x £ fif (C) hence by statement (c) of Theorem 18.2.11. of |DS| 
applied to the scalar type spectral operator R a \ G a 

(51) (Vcr g B{C)){f x {R a \ G a ) G B(G ff )). 

A more direct way for obtaining (|5TT i is to use statement (2) of Lemma [L7l and the fact 
that J x £ £™(a(R)) implies f x (R) £ B(G). For all a £ B{C) we claim that X 3 x ^ 
fx{Ra \ G a ) £ B(G a ) is /i-integrable with respect to the strong operator topology. By 
Lemma [L7l we have for all a £ B(C) and for all v £ G a 

(52) / \\f x {R a \G a )v\\G„d\n\{x)= J \\f x (R)v\\ G d\fi\(x) <w. 

Here the boundedness comes by Theorem 5, IV.71 of |INT| applied to the p,— integrable 
mapl3iH f x (R)v £ G. By Corollary 1, IV.70 and Theorem 5, IV.71 of |INT| 
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applied, for any v € G, to the /j,— integrable map X 3 x f x (R)v 6 G, we have for 
all v £ G,K E Comp(X) there is 7F C G countable such that (f x (R)v G IT", /i - 
a.e.(if)). But by statement (g) of Theorem 18.2.11. of 1D51 and K(R) G B(G), we have 
for all er G B(C), [f x (R), E(a)] = 0, hence by the previous equation and by the fact that 
E(a) G B(G), so it is continuous, we obtain for all a G B(C), v € G, K € Comp(X) 

(3H V C G countable )(f x (R)E((j)v = E{a)f x {R)v /x - o.e.(if)). 

Here == E{a)H v . Therefore by Lemma Owe state that for all ct G B(C),t> G 
G a ,K G Gomp(X) 

(53) (3flJ G G ff countable \ G a )v €R°QG a ,n- a.e.(K)). 

That H% C G CT follows by the fact that G,j is closed in G. Therefore we can consider the 
closure H% as the closure in the Banach space G a . By the Hahn-Banach Theorem, see 
Corollary 3, 77.23 of the ITVSl for all a G /3(C) 

(54) {(j) I" Go- I G G*} = (G CT )*. 

Moreover by Corollary 1, iV.70 and Theorem 5, IV.71 of [INT| applied, for any v G G, 
to the /u— integrable map I3ih f x (R)E(a)v G G, we have for all G G* 

ISih 4>(f x (R)E(cr)v) G C is /i— measurable. 

Thus by Lemma[T]7]we have for all a G B(C),v G Go-, (p G G* 

ISih 4>(f x (R<j \ G a )v) G C is /i— measurable. 

Hence by d54| i we can state for all a G B(C),v G G CT that 

(55) (V0 CT efG^'p^iH Mfx(Ra \ G a )v) G C is ^-measurable.) 

Now by collecting d55l l. ( f52b and ( T53l . where the closure ff£ is to be intended how the 
closure in the Banach space G a , we can apply Corollary 1, IV. 7 Q and Theorem 5, IV.71 
of [INT | to the map X 3 x i— > f x (R a \ G a )v G G CT , in order to state that 

(56) (Vcr G B(C))(Vv G G cr )(^ r 9xi — ► f x {R<r \ G a )v e G a is ^-integrable.) 
This means in particular that there exists its integral, so for all a G B(C), v G G CT 



f x {R a \ Ga-)vdfj,(x) 



(57) 



< 



f x (R)v d n(x) 
f x (R)dn(x) 



by Lemma 1 1.7 



\Wg. 



B(G) 



Here the inequality follows by the hypothesis that X 3 x i— > f x {R) G -B(G) is 
/j,— integrable in the strong operator topology. Therefore by Definition ll.l2l and ( BTT i, d56l >. 
d57l ) we can conclude that 
(58) 

{(Vcr G B(C))(X 3 x i— > f x (R a \ G a ) G B(G a ) is ju— integr. in strong operator topology) 

Which is the claim we wanted to show, then statement (1) follows. Statement (1) proves 
that the assumption (|49| | is well set, so we are able to start the proof of the statement (2). 
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For all y £ 9 

= g(R) I f x {R)dti{x)y 



lim E{a n )g{R) [ f x (R)dp(x)y by g3 
new J 

\img(R)E(cr n ) / f x (R)dp(x)y by (.g) of Theorem 18.2.11 of ||DS) 

nGN J 

lim g(R)E(a n ) / f x (R)ydu(x) by Definition 02 

lim g(R)E{a n ) [ E(a n )fJR)ydu(x) by Theorem 1. 7V.35 of flNTl 

lim g(R)E(a n ) / fJR)E(a n )y d /i(x) by (.g) of Theorem 18.2.11 of fDS) 

neN J 

lhng(R an \ G* n ) / f x (R an \ G a jE(a n )y d p(x) by LemmaOl 
lim g{R a „ \ G CTn ) / f x (R<r n \ G a ) d /J,(x)E(a n )y by statement (1) and Definition 1 1.121 

n€N _/ 

lim /i(i? CT „ I" G <Jn )E(a n )y by hypothesis d49t 

neN 



lim h(R)E(a n )y by Lemma 1 1.7 



= lim E(a n )h(R)y by (5) of Theorem 18.2.11 of [DS | 

/i(i?)y by (g7). 

Therefore 

3OR) / f x {R)dn{x) \e = h(R) re. 

□ 

Theorem 1.18 ( Strong Extension Theorem ). Let X be a locally compact space, p 
a complex Radon measure on X, Rbe a possibly unbounded scalar type spectral operator 
in G, er(i?) its spectrum and E its resolution of the identity. Let the map X 3 x f x £ 
Bor(a(R)) be such that for all x G X, f x G £|?(cr(i?)), where the map X 3 x 1— > 
f x (R) G B(G) be (i—integrable with respect to the strong operator topology. Finally let 
g,he Bor{a{R)) andh G £™(a(R)). 

7/{cr n }„ g N is an E— sequence and for all n G N 

(59) g{R an \G a jJ f x (R an \ G an )dp{x) C h(R an \ G CT J 

then h(R) G B(G) and 

g{R) J f x (R)dp(x)=h(R). 
Here all the integrals are with respect to the strong operator topologies. 
Notice that g(R) is possibly an unbounded operator on G. 
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Proof. h(R) e B(G) by Theorem 18.2.11. of (DS) and the hypothesis h G 

£f (a(R)), so by 



(60) g(R) J f x (R)dfx(x)Ch(R). 
Let us set 

(61) (VneN)(S n = |<7|([0,n])). 
We claim that 

n > m =>• S n D S m 

(Vn S N)(#(<5„) is bounded. ) 

In addition being \g\ G Bor(a(R)) we have S n € £>(C) for all n e N, so {<5n}neN is an 
£7— sequence, hence by (l47l i 

(63) Iim£(5„) = l 

with respect to the strong operator topology on B(G). Indeed the first equality follows 

since [j n&i S n = U„ 6N lffl([0,n]) = |<?| (IWM) = IsW) = ^m(.g) = <r(i?), 

-l 

the second by the fact that \g\ preserves the inclusion, the third since |g|(<5„) C [0, n]. 
Hence our claim. By the third statement of (1621 , S n G B(C) and statement 3 of Lemma |1.7| 

(64) (VneN)(E(5 n )GCDom(g(R))). 

f x {R)E(5 n ) = E(6 n )f x (R), by statement (g) of Theorem 18.2.11 of [DS|, so for all 

v G G 

J f x {R)dfi(x)E(6 n )v = J f x (R)E(8 n )vdii(x) 

= / E(d n )f x (R)vdfi(x)=E(S n ) I f x {R)vdfi{x), 



where the last equality follows by applying Theorem 1, IV. ih. of BINTI . Hence for all 



f x (R)dfi(x)E(S n )G C E(S n )G C Dom(g(R)), 
where the last inclusion is by d64l i. Therefore 

(Vn G N)(Vw G G) (E(6 n )v G Dom (g(R) J f x (R)dn{x) 

Hence by (l63l 

(65) D = Dom ^g(R) J f x (R) d (jl(x)J is dense in G. 

Next / f x {R)dn{x) G B(G) and g(R) is closed by Theorem 18.2.11. of flDS), so by 
Lemma fl.151 

(66) g(R) J f x (R)dn(x) is closed. 
Moreover G B(G) hence by <[60j 

(67) g(R) J f x (R)d(i(x)eB(T>,G). 
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d67l > and Lemma [l.l6l allow us to state that D is closed in G, thus by d65l l we have 

D = G. 

Therefore by ( f60b the statement follows. □ 

Now we shall prove a corollary of the previous result in which conditions are given 
ensuring the strong operator integrability of the map f x (R). 

COROLLARY 1.19. Let R be a possibly unbounded scalar type spectral operator in 
G. Let {<7 n }neN be an E— sequence and for all x £ X, f x £ Bor(a(R)) such that 

{X3x»\\U\\l)£% l {X-n) 

and X 3 x i — > f x (R) £ B(G) satisfies the conditions (1 — 2) of Proposition 177/5] 
(respectively for all v £ G the map X 3 x i— > f x (R)v £ G is fi— measurable). Finally let 
g, h £ Bor(a(R)). If we assume that for all n £ N holds (1591 and that h £ £|? (er(i?)), 
then the same conclusions ofThm. \1.18\ hold. 

PROOF. By statement (c) of Theorem 18.2.11 of flDSl and Proposition ll.131 (respec- 
tively Remark [I.141 i the map X 3 x f x (R) £ B(G) is fi— integrable with respect to the 
strong operator topology and 

f x (R)dfi(x) 



<4M / \\f x \\*d\fi\(x) 

B(G) J 

Here M = sup CTeB / C ) ||J5(<t)|| B ( G ). Therefore the statement follows by Theorem 1 1.1 81 

□ 

3. Generalization of the Newton-Leibnitz formula 

The main result of this section is Theorem l 1.25 I which generalizes the Newton-Leibnitz 
formula to the case of unbounded scalar type spectral operators in G. For proving Theorem 
ll.25l we need two preliminary results, the first is Theorem 1 1.2 II concerning the Newton- 
Leibnitz formula for any bounded scalar type spectral operator on G and any analytic map 
on an open neighbourhood of its spectrum. The second, Theorem l 1.231 concerns strong op- 
erator continuity, and under additional conditions also differentiability, for operator maps 
of the type K 3 t S(tR) £ B(G), where K is an open interval of ffi, S(tR) arises by 
the Borel functional calculus for the unbounded scalar type spectral operator R in G and S 
is any analytic map on an open neighbourhood U of a(R) such that K ■ U C {/. Let Z be 
a non empty set, Y a K-linear space (K e {M, C}), U C Y, K C K such that K-U CU 
and F : U -> Z. Then we set F t : U -> Z such that F t (X) = F(tX), for all t £ K and 
A £ U. If F,G are two C— Banach spaces, A C F open and f : A C F ^ G a map, we 
convene to denote the real Banach spaces Fr and Gr associated to F and G again by F 
and G respectively, and with the symbol / the map / R : A C Fr — > Gr. 

LEMMA 1.20. Let (Y, d) be a metric space, U an open ofY and a a compact such 
that a C U. Then there is Q > 



(68) K= |J B Q (y)CU, 

{yecr} 

moreover if a is of finite diameter then K is of finite diameter. 
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Proof. By Remark §2.2., Ch. 9 of iGTI we deduce 

P = dist(a, Ct/) ^ 0, 
where dist(A, B) = inf { x& a y&B} d{x, y), for all A,BC.Y. Set 

«♦? 

then for all y G a, x G Bq(y), z G Ct/ we have 

(69) d(x,z)>d{z,y)-d(y,x)>-^0. 

Thus by applying Proposition 2, §2.2., Ch. 9 of JGT) B Q (y) n Ct/ = 0, i.e. £q(j/) C [7, 
then 

A= |J B Q (y)CU. 
{yea} 

Moreover by Proposition 3, §2.2., Ch. 9 of |GT| the map x i— » d(x, Ct/) is continuous on 
F, hence by for all x G A 

d(x, Ct/) = lim d(x„, Ct/) > - ^ 0, 

for all {x„}„ e N C A such that x = lim„ e NX„. Therefore by Proposition 2, §2.2., Ch. 9 
of [GT| d68l l follows. Let B C y be of finite diameter then by the continuity of the map 
d : Y xY ^ R + it is of finite diameter also B. Indeed let diam(B) = sup^ v ^b} d(x, y), 
if by absurdum sup^ ye g^ d(x, y) = oo then 

(70) (3 x , yo G B)(d{x , y ) > diam(B) + 1). 

Let {(x a , y a )}aeD C B x B be a net such that lim QG £)(x Q , y Q ) = (xo,yo) limit m 
(Y, c£) x (Y, d). Thus by the continuity of d 

d(xo,yo) = lim d(x a ,y a ) < diam(B) 

which contradicts ( f70b . so sup^ ^g-gj d(x, y) < oo. Therefore if A is of finite diameter it 
is so K. Let z\, z 2 G A then there exist yi, y 2 £ such that zj. G Bg(yjt), for fc G {1, 2}. 
Then 

d(zi,z 2 ) < d{z\,y\) + d(yi,y 2 ) + d(y 2 ,z 2 ) < 2Q + diam(a) < oo, 
where diam(a) = sup^ yea .y d(x, y). Hence A is of finite diameter. □ 

THEOREM 1.21. LetT G B{G) be a scalar type spectral operator, a(T) its spectrum. 
Assume that < L < oo, U is an open neighbourhood of a(T) such that ] — L, L[-U C U 
and F : U — > C/s an analytic map. Then for all t £] — L, L[ 

(1) 

(71) F(tT) = F t (T); 
(2) 

(3) /or a// ui, u 2 S] — -t>j £[ 
(73) T j —(tT)dt = F(u 2 T)-F{ Ul T). 
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Here Ft(T), (respectively 44- (tT) and F(tT)) are the operators arising by the Borelian 
functional calculus of the operator T ( respectively tT) for all t e] — L, L[. 

PROOF. T is a bounded operator on G so er(T) is compact. Let us denote by 
(C(a(T)), || • 1 1 sup) the Banach algebra of all continuous complex valued maps defined 
on a(T) with the norm ||g|| sup = sup AS(T(T) \g(X)\. Set 



(74) 



C{a{T)) = {/ : C -» C | / \ cr(T) G C(a(T)), f \ C<r(T) = 0} 
J:C(a(T))3g^geC(a{T)). 



Notice that C(a(T)) is an algebra moreover J is a surjective morphism of algebras 
and sup AgC | J(g)(X)\ = IMIsup for all g G C(a(T)) furthermore J(g) G Bor(C) 
since g G Bor(a(T)) and <r(T) G B(C). Hence C{a(T)) is a subalgebra of TM, 
moreover J is an isometry between (C(a(T)), \\ ■ || sup ) and (C(er(T)), \\ ■ || sup ) . Thus 



C(a(T)), || ■ || S u P y is a Banach subalgebra of the Banach algebra (TM, || ■ || sup ) and J 
is an isometric isomorphism of algebras. Therefore by denoting with E the resolution of 
the identity of T, by we have that 1^ o J is a unital0 morphism of algebras such that 
IpoJe B((C(<t(T)), I) • ||sup} , B(G)). In the sequel we convene to denote for brevity 
with the symbol 1^ the operator 1^ o J so 

(l£eB({C(a(T)), ||.|| sup ), B(G)), 

(75) < If? is a unital morphism of algebras 
{(VgeC(a(T)))(g(T) = l£(g)). 

In particular 1^ is Frechet differentiable with constant differential map equal to 1^ . In the 
sequel we shall denote with the zero element of the Banach space (C(a(T)), \\ ■ || S u P )- 
Let t G] - L, L[-{0}, and i t = t ■ i, where i : a(T) 3 A ^ A. So i t (T) = l£(t ■ i) = 
tip (i) = tT. Hence by the general spectral mapping theorem 18.2.21. of [DS | applied 
to the map i t , the fact that a(T) is closed and the product by no zero scalars in C is a 
homeomorphism, we deduce that tT is a scalar type spectral operator and E t : B(C) 9 
S i > E(t~ 1 5) its resolution of the identity. Finally 

(Vt G] - L, L[)(a(tT) = ta(T) C 17), 

the inclusion is by hypothesis. So F(tT) arising by the Borel functional calculus of the 
operator tT is well defined and by ( 1751 ) 

F(tT) = 1*(F t <r(tT)) = if ^ (F r a(tT)) 

(76) =l£(Fo lt ) 

= Ti(F t \ a(T)) = F t (T). 

Thus (T2B- Set 

A :] - L, L[3 t -> (F o H ) G (C((t(T)), || • || sup ) , 
by the third equality in d76l > 

(77) (WG]-£,L[)(F(tT)=I^oA(t)). 



6 indeed by setting l:C3AnleCthe unity element in TM then 1^ o J(l f a(T)) = 1^(1 ■ x<r(T)) 
If (l)Ig( Xff( T)) = 1- 
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We claim that A is derivable (i.e. Frechet differentiable) and for all t G] — L, L[ 

£<«>-(£), "Pi- 

Set 

'Cu(a(T)) = {feC(a(T))\f(a(T))CU}, 
(:}-L, L[3 t»H€ Cu(a(T)) C (C(a(T)), \\ ■ || sup ) 
T : Cu(<r(T)) 3/Mfo/e (C(a(T)), || • || sup ) 
Notice 

(79) A = Y o c, 
moreover £ is Frechet differentiable and for all £ G] — L, L[ 

(80) f W =, 

Next for all / G C 1 /(ct(T)) by Lemma [L20l applied to the compact /(<r(T)), there is 
Q/>0 



(81) #/= (J S Q/ (/(A))CC7, 

{AGa(T)} 

in particular 

(82) B Qf (f)CCu(a(T)). 

Thus C(j(a(T)) is an open set of the space (C(a(T)), \\ ■ || sup ), therefore we can claim that 
T is Frechet differentiable and its differential map : C v (a(T)) -> B(C(a(T))) is 
such that for all / G C[/(cr(T)), h G C(ct(T)), A G a(T) 



\\T^(f)\\ B( c WTm <\\^ofl 



(83) ( 

sup 

Let us fix / G C(j(a(T)) and -fTj as in dSTl i, so by the boundedness of f(<j(T)) and Lemma 
11.201 Kf is compact. Morever ^ is continuous on U therefore uniformly continuous on 
the compact K f , hence (Ve > 0)(3S > Q)(Wi £ B Q; (0)nBi(0)) 

(84) sup sup |^(/(A)+^(A))-^(/(A))| <e, 

t€[0,l] AGct(T) aA 

indeed /(A) + tfi(A) G X/ and |/(A) + th(X) - f(X)\ < \h(X)\ < S, for all A G o(T) 
and t G [0, 1]. Let us identify for the moment C as the normed space M. 2 , then the usual 
product (•) : C x C — > C is R -bilinear, therefore the map F : U C M 2 — > M 2 is Frechet 
differentiable and for all a; G 17, h G M 2 

(85) fW(i)(ft) = ^( I )./ l . 
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for all h € Bq s (0) 

(86) sup |(F(/(A) + h{\)) - F(f(\)) - il(f(X))h(X)\ = 

AGcr(T) 

sup \(F(f(\) + h(\))-F(f(\))-FW(f(\))(h(\)))\ < 

\£cr(T) 

sup sup |!f[ 1 ](/(A)+^(A))-FW(/(A))|| b(r2) sup \h(X)\ = 

te[0,l] Aeo-(T) Ae<x(T) 



sup sup 

te[0,l] A£<t(T) 



^(/(A)+t/ l (A))-^(/(A)) 



1% 



Here in the first equality we use d85[ ), in the first inequality an application of the Mean 
value theorem applied to the Frechet differentiable map F : U C M. 2 — > M 2 , in the second 
equality we use a corollary of (f85b . Finally by ([86| and ([84]) (Ve > 0)(3 5 > 0)(V/i £ 
B Q/ (0)nBj(0)-{0}) 

sup Aeff(T) |(F(/(A) + /i(A)) - F(/(A)) - 4f(/(A))MA)| 



l^llsup 



< e. 



Equivalently 



\\T(f + h)-r(f)-rm(f)(h)\\ sap 



(87) lim ^ '- ^ = 



Mo "- H|sup 



Moreover 



||rW(/)(/ l )IU<||^o/|| sup ||/ l || sup 



then by ([87j we proved the claimed ([83]». By (|79t , (fSOb and ([83]) we deduce that A is 
derivable in addition for all t G] — L, L[, A £ cr(T) 

^(i)(A) = rW(((i))(.)(A) 

Thus the claimed d78l . In conclusion by the fact that 1^ is a morphism of algebras, d77l >. 
and d78]l for alH e] -L,L[ 

dF(tT) 



dt 



-| (*.*)(.)-* (£(.)) 



-«(.)«((^) ( .^)- r (^) tm . 

Therefore statement (2) by statement (1) applied to the map 4f-. The map ] — L,L[B 
t i ► ^j{tT) e B(G) is continuous by d72j (by replacing the map F with ^j) hence it 
is Lebesgue-measurable in B(G). Let wi,U2 G] — by statement (1) and Theorem 
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18.2.11. Of 



["1,1*2] 



dt = 



< 4M 



dF , 



t 

dF 

'[ui,« 2 ] 
< 4MD\u 2 -ui\ < oo 



a(T) 



8 1.1 p 



where M = sup 6eB(c) 

D = sup 

te[ui,i»2] 



IF 



and 



a(T) 



sup 

(t,X)e[ui,v 2 ]xa(T) 



,dF 



(tA)| < 



44- (iA) is continuous on 



indeed [1*1,1*2] x <r(T) is compact and the map (t, A) 
L, L[x/7. Therefore by Theorem 5, JV.71 of HNT1 ] - L, L[3 t h-> 4x(* T ) is Lebesgue- 
integrable with respect to the norm topology on B(G), so in particular by Definition 1, 
JV.33 of HIND 

f" 2 dF 

(88) 3<h — (tT)dteB(G). 

Jux "A 

Therefore by ©, @, Theorem 1, 7V.35 of ifTvD and ^72j 

r" 2 dF(*T) 



(89) 



T I ^—(tT)dt=A T—{tT)dt=i 

Jui « A Jux ""A J Ul 



dt 



-dt. 



By (l72l the map ] — L, L[9 t 1— » F(tT), is derivable moreover its derivative ] — 7, L[9 
i 1— > d F ^ t T ^ is continuous in B(G) by (l72b and the continuity of the map ] — L, L[3 t ^> 

4j(iT) in B(G). Therefore [1*1,1*2] 3 t 1— » d is Lebesgue integrable in B(G), 
where the integral has to be understood as defined in Ch 77 of |FVR], see Proposition 
3, n°3, §1, Ch 77 of [FVR]. Finally the Lebesgue integral for functions with values in 
a Banach space as defined in Ch 77 of |FVR], turns to be the integral with respect to 
the Lebesgue measure as defined in Ch. IV, §4, n°l of [INT] (see Ch III, §3, n°3 and 
example in Ch IV, §4, n°4 of AND ). Thus statement (3) follows by ([89). □ 

LEMMA 1.22. Let R be a possibly unbounded scalar type spectral operator in G, 
cr(R) its spectrum, E its resolution of the identity, K 7^ and for all t £ K be f t G 
Bor(a(R)) such that 



(90) 

If g G Bor(a(R)) and {a n } n <=f 



N = sup\\f t \\* < oo. 
teK 



is an F— sequence then for all v G Dom(g(R)) 
f t (R)g(R)E(a n )v\\ = 0. 



lim sup \\f t (R)g(R)v 

Proof. By statement (g) of Theorem 18.2.11. of HDS1 the statement is well set. Let 
M = sup CTg g(Q H-E(cr) ||b(g) then M < 00 by Corollary 15.2.4. of BPS I . Hypothesis 
(|90t together statement (c) of Theorem 18.2.11. of iDSl , imply that for all teK, f t (R) G 
B(G) and 

su P ||/ t (7?)|| B(G) <4MJV. 
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Therefore for all v G Dom(g(R)) we have 
lim sup \\f t (R)g(R)v - f t (R)g(R)E(a n )v\\ 

< limsup||/ t (i?)|| • \\g(R)v - g(R)E(a n )v\\ 

neN teK 

< AMN lim \\g(R)v - g(R)E(a n )v\\ 

nEfi 

= AMN lim \\g(R)v - E(a n )g(R)v\\ by (g) of Theorem 18.2.11. of |D51 

= by g7]>. 

□ 

Theorem 1.23 ( Strong operator derivability ). Let R be a possibly unbounded 
scalar type spectral operator in G, K C R an open interval of R and U an open neigh- 
bourhood of a (R) such that K ■ U C U. Assume that f : U ^ C is an analytic map 
and 

sup || f t \\g < 00. 

77ien 

(1) f/je ma/? K 3 t i— » f(tR) G -B(G) /s continuous in the strong operator topology, 

(2) if 

E 



(91) sup 



riA 



< oo, 



then for all v G Dom(R),t G X 



at aA 

PROOF. Let {cr„}„eN be an E— sequence of compact sets, then by Lemma [1 .221 ap- 
plied for the Borelian map g : cr(R) 3 A — > 1 G C, so g(R) — 1, and by dTD i we have for 
all u G G 

(92) lim sup \\f{tR)v - f(tR)E(a n )v\\ = 0. 

n£N teK 

By (EB and Key LemmaOfor all n G N 

f{tR)E{a n ) = f t (R)E{a n ) = f t {R„ n \ G an )E(a n ) 

(93) 

= f(t(R* n \G an ))E{a n ). 



<j n is bounded so by Key Lemma fTTTl iLr \ G an is a scalar type spectral operator such that 
Ra n r Ga n G B{G an ), moreover by d43b t/ is an open neighbourhood of cr(R arl \ G an ). 
Thus by statement (2) of Theorem l 1 .2 1 I the map 

K3t^f{t{R an \ G a J) G B{G an ) 

is derivable, so in particular || • ||b(g„ )— continuous. Now for all n G N, v n G G CTn define 
£ Vn : B(G an ) 3 A^r Av n G G, then £„ n G B(B(G an ), G), thus as a composition of two 
continuous maps also the following map 

(94) K3t^ £ E{an)v (f(t(R an r G an ))) G G 

is || • \\g— continuous, for all n G N, v G G. Hence by d93l ) we have for all n G N 

(95) K 3 1 1 ► f(tR)E(a n ) G -B(G) is strongly continuous. 
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Finally by d951 > and (192l i we can apply Theorem 2, §1.6., Ch. 10 of [GT| to the uniform 
space B(G) s t whose uniformity is generated by the set of seminorms defining the strong 
operator topology on B(G). Thus we conclude that K 3 t >—> f(tR) G B(G) is strongly 
continuous, and statement (1) follows. Let n G N and v n G G Gn so G B(S(G ffn ), G) 
thus £i, n is Frechet differentiable with constant differential map £i„ : B{G an ) 3 A i— » 
G B(B{G an ),G). Therefore by statement (2) of Theorem H2T] for all n G N, u G G 
the map in d94l ) is Frechet differentiable as composition of two Frechet differentiable maps, 
and its derivative is for all t G K 



d {f{t{R an \ G an ))E(a n )v) = ^(/(t(i? CTn fG a J)) 



= (ilov, r G<0^(*CR«r„ r G„- B )).E(o»)t;, by 
= dX^ Ra " ^ Gtr n))^n \G<rjE{a n )v, by 18.2.11., JDS) 
= (|Q (# CTn fG,,)^ t G a J^(a n )« by (ED 

|j (fl)(fl ff „ fG,jB(a n )t) byLemmaO 

(96) =^-{tR){R an \G an )E{(j n )v. bydlB 

d\ 

Thus by (|93) for all n G N, v G G 

K 3 t ^ f(tR)E(a n )v G G is differentiable and 

(/A 



(97) 



K 3 t h-> %-{tR){R<j n f G an )E(a n )v G G is its derivative. 



By (l9l1 i we can apply Lemma [1.221 to the maps f^xj f cr (-R) ar, d .9 — * : 3 A 

A G C, so = i?, hence by ED for all u G Dom(R) 

0. 



(98) lim sup 

n6N teic 



^-{tR)Rv — ^jr(tR)(Rir n \G an )E(a n )v 
d\ dX 



Moreover for all a G K let r a G M + be such that B Ta (a) C -ft' which exists X being 
open, then the equations d98l . (l97l i and (l92l hold again if we replace K by £? ra (a). Hence 
we can apply Theorem 8.6.3. of IIDieul and deduce for all v G Dom(R) that the map 
K 3 t \ — ► J(tR)v G G is derivable, and its derivative map is 

K 3 t i ► ^-UR)Rv G G. 

Finally for all v G Dom(R), R^(tR)v = ^(tR)Rv, by Dom(4L(tR)) = G and 
the commutativity property of the Borel functional calculus expressed in statement (/) of 
Theorem 18.2.11. of [DS|. Hence the statement follows. □ 

COROLLARY 1.24. Let R be a possibly unbounded scalar type spectral operator in 
G, U an open neighbourhood of a (R) and S : U — » C an analytic map. Assume that there 
is L > such that ] — L, L[-U C U and 

(1) S t G £g?(er(i?)) and(^) t G Z^{a{R)) for all t e] - L,L[; 
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(2) 

E 

r* fds\ 

(ft < oo 




(here the upper integral is with respect to the Lebesgue measure on] — L, L[); 
(3) for all v £ G the map } — L, L[3 t \— * ^(tR)v £ G is Lebesgue measurable. 
Then for all u\,U2 £] — L,L[ 
C U2 dS 

R / —{tR)dt = S(u 2 R) - S(uiR) £ B{G). 

Ju! d 

Here the integral is with respect to the Lebesgue measure on [u\, u 2 ] and with respect to 
the strong operator topology on B(G), see Definition \1.12\ 

PROOF. Let M = sup CTgj g( C ) ||^((t)||g and [i the Lebesgue measure on [m, u 2 \, then 
by d7Tl ). hypotheses, and statement (c) of Theorem 18.2.11 of [DS| we have 

a: for alii £ [ui,u 2 ], S(tR) £ B{G); 

b: for all t £ [ui,u 2 ], G B(G); 

c: ([ui.ua] 9tM ||ff(ifl)|| B(G) ) e di{[ui, u 2 ];p,). 
So by hypothesis (3), the (c) and Remark [I.14l we have that the map 

[u 1 ,u 2 ]3t^^(tR)eB(G) 

is Lebesgue integrable with respect to the strong operator topology. This means that, except 
for (l59l >. the hypotheses of Theorem ll . 1 8l hold for X = [ui, u 2 ], h = (S U2 — S Ul ) \ u(R), 
g : a(R) 3 A m A e C and finally for the maps f t = (ff ) t \ cr(R), for all t £ [u±, u 2 ]. 
Next let a G £>(C) be bounded, so by Key Lemma [L7l R„ \ G a is a scalar type spectral 
operator such that R a \ G CT G B(G a ), moreover by (l43l U is an open neighbourhood of 
a(R<j \ G&). Thus we can apply statement (3) of Theorem ll. 21l to the Banach space G a , 
the analytic map S and to the operator R a \ G a . In particular the map [ui, u 2 ] 9 t h 
^j(i(i?,j \ G(j ) ) G B{G a ) is Lebesgue integrable in || • Hb^) - topology, that is in the 
meaning of Definition 2, IV.23 of [INT|. Next we consider for all v G G a , the following 
map 

T G B{Go) ^TveG a 
which is linear and continuous in the norm topologies. Thus by Theorem 1, IV.35 of the 
fllNTI , [ui, u 2 ] 3 t i-> ^j(t(R a t G CT ))u £ G CT is Lebesgue integrable for all v E G a and 

— (i(J? CT rG ff ))«di = (J Jx {t{Ra ^ G ^ dt ) v - 

Therefore by Definition[TT2]we can state that [ui,u 2 ] 3 t h-> 4f (i(-R CT f G CT )) £ B(G a ) 
is Lebesgue integrable with respect to the strong operator topology on B(G a ) and 

/«2 J C /-«2 J C 

— (t{R a \G a ))dt = j ^L(t(R a \G a ))dt. 

Here J u " 2 j^(t(R<j \ G a ))dt is the integral of ^{t{R a \ G a )) with respect to the 
Lebesgue measure on [ui, u 2 ] and the strong operator topology on B(G a ). Furthermore 
by statement (3) of Theorem ll.211 

f U2 dS 

(R a \ G a ) j jj(t(Ra f Go)) dt = S(u 2 (R a \ G a )) - S( Ul (R a \ G a )). 
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Thus by 
(100) (R, 



G a 



dS_ 
~dX 



(t{R a \ G a )) dt = S{u 2 {R a \ G a )) - S(«i(i^ r Ga)). 



Which implies ( 1591 1. by choosing for example a n = B n (0), for all n E N. Therefore by 
Theorem ll.l8l we obtain the statement. □ 

Theorem 1.25 ( Strong operator Newton-Leibnitz formula ). Let R be a possibly 
unbounded scalar type spectral operator in G, U an open neighbourhood of a{R) and 
S : U —> <C an analytic map. Assume that there is L > such that ] — L, L[-U C U and 

(1) St E £|?(er(i?)) for all t G] — L, L[; 
(2) 



sup 

te]-L,L[ 



dS_ 

dX 



< oo. 



Then 



(1) for all Ui, U2 e] — L, L[ 
m 2 ds 



R 



dX 



(tR)dt = S(u 2 R) - S( Ul R) S B{G). 



Here the integral is with respect to the Lebesgue measure on [u±, U2] and with 
respect to the strong operator topology on B(G). 



(2) Ifalsosup te] _ L L[ 



St < 00, then for all v E Dom(R), t E] — L, L[ 
dt dX y ' 



PROOF. By hypothesis (2) and statement (1) of Theorem 1 1 . 2 3 1 for all v E G the map 
] - L,L[3 t 1 ► jj(tR)v E G is continuous. Thus statement (1) by Corollary Tl. 241 and 
the fact that continuity implies measurability. Statement (2) follows by statement (2) of 
Theorem[L23] □ 

Remark 1.26. We end this section by remarking that / : X — > B(G) is \i— integrable 
with respect to the strong operator topology as defined in Definition 11.121 if and only 
if / : X — > B(G) is scalarly (//, B(G))— integrable with respect to the weak operator 
topology in the sense explained in Notations 12. II In Chapter|2]we shall extend the results 
of Chapter[T]to the case of integration with respect to the measure /1 and with respect to the 
a(B(G), A/")— topology, where TV C B(G)* is a suitable linear subspace of the topological 
dual of B(G). 

4. Application to resolvents of unbounded scalar type spectral operators in a 

Banach space G 

COROLLARY 1.27. Let T be a possibly unbounded scalar type spectral operator in G 
with real spectrum cr{T). Then 

(1) for all As C | Im(X) > 



(101) 



(T-xiy 



e - lt V" dt e B(G). 
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(2) for all v £ Dom{T),t € E 

de ti(T-Xl) v 



i{T-\iy( T - x v\ 



dt 

Remark 1.28. If we set the map 5(A) = exp(iA) for all A e C then the operator 
functions in Corollary [L27] are so defined e ltT == S t {T) and e l *( T - A1) = S t (T - Al), in 
the sense of the Borelian functional calculus for the scalar type spectral operators T and 
(T — Al), respectively, as defined in Definition ll.3l 

The integral in Corollarv ll.27l is with respect to the Lebesgue measure and with respect 
to the strong operator topology on B(G). Meaning by definition that 



/ e~ ltx e ltT dt&B{G) 

J — OO 



such that for all v E G 

e' ltx e ltT dt) v = lim ( [° e - itx e itT dt] v = lim [° e- itx e itT v dt. 

I u — > — oo \ I I u — > — oo / 

-oo / W u / J u 

Here the integral in the right side of the first equality is with respect to the Lebesgue 
measure on [u, 0] and with respect to the strong operator topology on B(G). 

Proof. Let A € C and set R = (T — 1A), then R is a scalar type spectral operator, 
see Theorem 18.2.17. of the jDSl. Let A £ C | im(A) ^ and E be the resolution of the 
identity of R, then a(R) = cr(T) — A, as a corollary of the well-known spectral mapping 
theorem. Then for all t G M 

dS 

E — ess sup \ — (tv)\ = E — ess sup \S(tv)\ < 

veo(R) "A uE<r(R) 

< sup \S(tv)\ 

ue<y(R) 

= sup le^-^'l 

Therefore are verified the hypotheses of Corollary 1 1 .251 with the position R = (T — Al), 
then we can state for all v 6 G, u € M that 

(102) i(T-Al) f e^-^vdt^v-e^-^v. 

J u 

Here e lt ' T " A1 - 1 = St{R). One should note an apparent ambiguity about the symbol 
e it(T-\i)^ s t anc iing here for the operator St(R) = S(tR), which could be seen also as 
a Borelian function of the operator T. By setting (fi) = fi — A, so <?M = i — A • 1 with 
1 : C 3 A h 1, considering that by the composition rule, see Theorem 18.2.24 of [DSl, we 
have S t o gW (T) = S t {g [x] (T)), finally R = i(T) - A1(T) = (t - A • 1) (T) = gW(T), 
we can assert 

(103) [T-Xl = g^(T) = T-X 

K ' \ e^ T - X1 ^ = S t (T - Al) = S t o gW (T) = e^ T ' x ) . 

Therefore we can consider the operator e i *( T - A1 ) a s an operator function of R or of T. 
Now for all t E R, sup Mg(T ( T ) | exp(ifit)\ — 1, therefore we can deduce by statement (c) 
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of Theorem 18.2.11. of 

(104) sup||exp(m)||_B (G) <4M. 

teR 

Here M = sup^gg^) ||-E(it)|| g . But with the notations before adopted we have for all 
/i G C that Stog ^ A '(/i) = exp(it([i — A)) = exp(—«iA)5t(/i), therefore by considering that 
S t (T) = S(tT), see (jTB, we have S t o g^{T) = exp(-it\)S t (T) = exp(-itX)S(tT). 
Thus by ( fTU3l ) we have for all t G K, A € C | Im(X) > 

(105) e «Cr-Ai) = C xp(-itA)5(<T) = cxp(-itA)e ltT . 
We have by (fTOSb and ( TT04T > 

lim ||e" l ( T - A1 )|| B(G) < 4M lim exp(7m(A)u) = 



u — y — oo u — > — oo 



or equivalently lim^-co e'"( T A1 ) = in || • \\b(g)~ topology. Hence by (1102b for all 
/••. c; 

(106) u = z lim (T-Al) / e l * (T - A1) t; in || • || G . 

u— oo J u 

By considering that Jto(A) ^ Owe have {/i 6 C s' A Km) = 0} n <r(T) = 0, therefore 
if we denote with F the resolution of the identity of the spectral operator T, we have 
F(a{T)) = 1 so G C | <? [a1 (m) = 0}) = F({n G C | = 0} n <r(T)) = 

F($) = 0. Thus by applying statement (h) of Theorem 18.2.11. of [DS], we can assert 
that 

3 (T- A)" 1 = 4,(20= ' 



5 M V ' T-A' 

Finally 7 1 - ess sup MeCT(T) | | < sup^ {T) = sup^ a{T) |^| 

< i~r ~7TYi < OO, SO 



inf M e„ (T ) |(A»-A)| — |/m(A)| 

-L(T) G 

Hence by the previous equation and the fact T — A = T — Al, see ( 11031 l. we can state 

(T- Al)- 1 G B(G). 

Finally by following a standard argument, see for example [LN|, by this one and ( 1106t we 
can deduce for all v G G that 

' C e^ T - A1 Wi 



,o 

(r-Al)" 1 w = i lim (2 - A1) _1 (T — Al) / , 



U 



= i lim / e^-^Wt. 



So statement (1) by < fT05b . By ( flOBT ), the fact that S* f (T) = S(tT) and statement (2) of 
Theorem II. 231 applied to the operator T and to the map 5 : C 3 \i ^ e v , we obtain 
statement (2). □ 

Remark 1.29. An important application of this formula is made in proving the well- 
known Stone theorem for strongly continuous semigroups of unitary operators in Hilbert 
space, see Theorem 12.6.1. of [DS |. In [Dav| it has been used for showing the equivalence 
of uniform convergence in strong operator topology of a one-parameter semigroup depend- 
ing on a parameter and the convergence in strong operator topology of the resolvents of the 
corresponding generators, Theorem 3.17.. 
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Notice that if £ = — i\ and Q = iT, then the equality dlOU turns into 

/>oo 

(Q + ar 1 = / e- t<: e- Qt dt, 
Jo 

which is referred in IX.1.3. of [Kat| as the fact that the resolvent of Q is the Laplace 
transform of the semigroup e - ®*. Applications of this formula to perturbation theory are 
in/X.2.of flKat|. 



CHAPTER 2 



Extension theorem. The case of the topology a(B(G),J\f) 

1. Introduction 

Let R be an unbounded scalar type spectral operator R in a complex Banach space G 
and E its resolution of identity. The main results of this chapter and of the work are of two 
types. 

The results of the first type are Extension Theorems for integration with respect to the 
a(B(G),Af)— topology, when M is an appropriate set: Theorems 12.251 and when Af is 
an E— appropriate set with the duality property: Corollary 12. 261 

As an application we will prove, by using ( 1143b , the Extension theorems for the inte- 
gration with respect to the sigma-weak topology: Corollary 12.281 and Corollary 12.291 and 
for integration with respect to the weak operator topology: Corollary 12.271 and Corollary 
I2J01 

The results of the second type are Newton-Leibnitz formulas for integration with re- 
spect to the cr(B(G), A/")— topology, when M is an E— appropriate set with the duality 
property: Corollary 12.331 and Corollary 12.341 for integration with respect to the sigma- 
weak topology: Corollary 12. 351 for integration with respect to the weak operator topology: 
Corollary 12361 

For obtaining the Extension Theorem 12.251 we need to introduce the concept of 
E— appropriate set, Definition 12.1 II which allows us to establish two important proper- 
ties for the proof of Theorem 12.251 namely the "Commutation" property, Theorem 12. 131 
and the "Restriction" property, Theorem l2.22l 

Finally for obtaining Corollary 12.261 and the Newton-Leibnitz formula in Corollary 
I2.33l we have to introduce the concept of an E— appropriate set N with the duality property, 
Definition al 11 which allows us to establish conditions ensuring that a map is scalarly es- 
sentially (fi, B(G))— integrable with respect to the <r(B(G), AT)— topology, Theorem |2.2| 
Similar results for the weak operator topology are contained in Theorem l2.5l and Corollary 
ES] 

2. Existence of the weak-integral with respect to the a(B(G),J\f) — topology 

In this section we shall obtain a general result, Theorem 12.21 about conditions 
ensuring that a map is scalarly essentially (/i, B(G))— integrable with respect to the 
a(B(G), A") -topology, where M is a suitable subset of B(G)* . 

Notations with Comments 2.1. Let K e {K, C}, Z a linear space over K and r 
a locally convex topology on Z, then we indicate with (Z, t) the associated locally convex 
space over K. We denote with LCS(K) the class of all the locally convex spaces over K 
and for any (Z, r) 6 LCS(K) we set (Z, r}* for its topological dual, that is the IK— linear 
space of all IK— linear continuous functionals on Z. 

Let Y be a linear space over IK and U a subspace of Hom(Y, K), then we indi- 
cate with the symbol a(Y, U) the weakest (locally convex) topology on Y such that 
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U C (Y,a(Y,U))*, Def. 2, 77.42 of llTVSl . which coincides with the locally con- 
vex topology on Y generated by the set of seminorms T(U) associated to U where 
r(C/) = fe:F3y^|0(y)| \<t>eU}. 

It is not hard to see that <r(Y, U) is the topology generated by the set of seminorms 
r(5) for any S such that U = £k(S i ), where £k(<?) is the K— linear space generated by 
the set S. 

By Proposition 2, 77.43 of fljVS), a(Y, U) is a Hausdorff topology if and only if U 
separates the points of Y, i.e. 

(107) (VT e Y)(T ± => (3 e C/)(0(T) ^ 0)). 
Also by Proposition 3, 77.43 of [TVS | 

(108) (y,cr(y, U))* = U. 

Let X be a locally compact space and /i a K— Radon measure on X, Definition 2, §1, 
n°3, Ch. 3, of BINTII where it is called just measure. We denote with \ fi\ the total variation 
of //, §1, n°6, Ch. 3, of OINTl . and with J* the upper integral with respect to a positive 
measure, as for example Definition 1, §1, n°l, Ch. 4, of 1INT1 , With J we denote the 
essential upper integral with respect to a positive measure, Definition 1, §1, n°l, Ch. 5, of 
[INT|. Q We readdress for the definition of essentially fx— integrable map / : X — f K, to 
Ch. 5, §l,n°3, of flNTI . 

Let (Y, t) G LCS(K) of Hausdorff then / : X — ► (Y, r) is scalarly essentially 
fi— integrable or equivalently / : X — > Y" is scalarly essentially fx— integrable with 
respect to the measure ^ and with respect to the t— topology on Y if for all u> £ (Y, t) 
the map w o / : X — > K is essentially ^i— integrable, so we can define its integral as the 
following linear operator 

(Y,t)* 3 uj t-> y u(f(x))dfi(x) e K. 
See Ch. 6, §1, n°l for K = R, and for the extension to the case K = C see the end of §2, 

7i° io, of ED. 

Notice that the previous definitions depend only on the dual space (Y, r)*, hence both 
the concepts of scalar essential \i— integrability and integral will be invariant if we replace 
t with any other Hausdorff locally convex topology t-i on Y compatible with the duality 
(Y, (Y, r}*), i.e. such that (Y, r>* = (Y, r 2 >*. 

Therefore as a corollary of the well-known Mackey-Arens Theorem, see Theorem 
1, 7Y.2 of HTVSI or Theorem 5 §8.5. of HJar| , fixed a locally convex space (Y, t) and 
denoted by Af = (Y, T )* its topological dual, we have that scalar essential /i— integrability 
(respectively integral) is an invariant property (respectively functional) under the variation 
of any Hausdorff locally convex topology t\ on Y such that 

o-(YTV) < Tl < t(Y,N). 

Here a < b means a is weaker than b and r(Y,Af) is the Mackey topology associated to 
the canonical duality (Y,Af). 

Let / : X — ► (Y, r) be scalarly essentially /i— integrable and assume that 

(109) (3Be Y)(Vco e (Y t>*) fw(B) - / w(/(a;)) ■ 



In general J* < J*, however if X is a— compact, in particular compact, then J' = J*. 
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Notice that by the Hahn-Banach theorem (Y, r) * separates the points of Y, so the element 
B is defined by this condition uniquely. In this case, by definition / : X — * (Y, r) 
is scalarly essentially (//, V) integrable (or / : X — > Y is scalarly essentially 
(/i, Y) —integrable with respect to the r— topology on 7) and its weak-integral with 
respect to the measure fx and with respect to the r— topology, or briefly its weak- 
integral, is defined by 

(110) J f{x)d i i{x) = B. 

In the work we shall use this integral for the case (Y, r) = (B(G), a(B(G),J\f)), where 
M is a linear subspace of B(G)* which separates the points of B(G). Notice that by ( 1108b 
(B(G),a(B(G),Af))* =Af. 

Let G be a K— normed space, then the strong operator topology T st (G) on B{G) is 
defined to be the locally convex topology generated by the following set of seminorms 
{q v : B(G) 3 A i— > ||Ai;||g | v G G}. Hence r st (G) is a Hausdorff topology, in fact a 
base of the neighbourhoods of A G -B(G) is the class of the sets £/„ j£ (A) = {B G -B(G) | 
sup /s _i ) ... i „ ||(^4 - B)?Jfc||G < e}, with tJ running in UneN^" and e m ^ + - {0}- So 
B G {0}, the closure of {0} in the strong operator topology, if and only if ||£?v||g < e, 
for all e G K+ - {0}, v G G, that is B = 0. Hence {0} = {0} and then r st (G) is of 
Hausdorff. By Ch. 6, §1, n°3, of lUNTl 

(111) M st (G) = (S(G) ) r st (G))* = %({^,, )) | (<M G G* x G}). 
Here 

: 5(G) 3T^ 0(T«) G K. 
Here if Z is a K— linear space and SCZ then £k(5') is the space of all K— linear combi- 
nations of elements in S. 

The first locally convex space in which are mainly interested, is 
(B(G), a(B(G),Af st (G))), for which by ([108} we have 

(112) (B(G),a(S(G),yV si (G)))* =Kt(G). 

Notice that by what said <r(B(G),Af s t (G)) is the topology on B(G) generated by the 
set of seminorms associated to the set {ipu tV ) | (</>,v) G G* x G}, hence <r(B(G),Af s t(G)) 
is nothing but the usual weak operator topology on B(G). 

Notice that by ( 1107| >, and the Hahn-Banach theorem applied to G we have that 
a(B(G),J\f st (G)) is a topology of Hausdorff. 

Let G be a complex Hilbert space. We define 

Af pd (G) = B(G%. 

Here -B(G)* is the "predual" of the von Neumann algebra B(G), see for example Defini- 
tion 2.4.17. of [BR|, or Definition 2.13., Ch. 2 of lITikl , So every u G Af pd {G) has the 
following form, see Proposition 2.4.6 of [BR| or statement (HA) of Theorem 2.6., Ch. 2 
of iTTakl 

OO 

(113) uj : B(G) 3 B ^^2(u n ,Bw n ) eC. 

Here {w„}„ eN , {w„}„ eN C G are such that Y^Lo \\ u n\\ 2 < 00 and J2™= o \\ w n\\ 2 < °°. 

We say that to is determined by {wnlneNi {^n}n^N if ( 11 131 ) holds. Notice 
that uj is well-defined, indeed for all B £ B{G) we have 5Z^Lo I (%!^n) | 2 < 
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\\ B \\ 2 (£ST=o KIP) (En=o IKII 2 ) < oo, hence there exists u{B) and uj G B(G)*, 
so 

(114) Npd{G) C B(G)*. 

The second locally convex space in which are mainly interested is 
(B(G), a(B(G),Af pd (G))), for which by ([108) we have 

(115) (B(G),a(B(G),N' p d(G)))* = Af p d(G). 

By the fact that every id G Af st (G) is determined by the {u n }^ =1 , {w„}^ =1 , for some 
JV e N, we have that J\f st (G) C N p d{G). Hence being a(B(G),N st (G)) a topology of 
Hausdorff we can conclude by ( 11071 that it is so also the <j(B(G),Af p d(G)) — topology. 

Notice that by what said a(B(G),Af p d(G)) is the topology on B(G) generated by the 
set of seminorms associated to the set Af p d(G), hence is nothing but the usual sigma-weak 
operator topology on B(G), see for example for its definition Section 2.4.1 of [BRl, so 
often we shall refer to it just as the sigma-weak operator topology on B(G). 

We want just to remark that as a corollary of the beforementioned invariance prop- 
erty for the weak-integration, when we change the topology TonY with any other Haus- 
dorff topology compatible with it, we deduce by (11 1 U that / : X — > B(G) is scalarly 
essentially (/i, B(G))— integrable with respect to the measure fj, and with respect to the 
cr(B(G),Af s t (G)) topology on B(G), if and only if it is so with respect to the strong topol- 
ogy r st (G) on B(G), and in this case their weak-integrals coincide. Let A be a IK— Banach 
algebra then for all A, B e A set [A, B] = AB - BA, while the map TZ : A — > B(A) and 
C : A — > B(A), have been defined in {7). Let G be a K-Banach space and W C B(G)* 
a linear subspace of the normed space B(G)*, then we introduce the following notations 

M* C B(G) d U (3Fo C B{G)){N* = {A \ N \ A G Y a }); 

AT* 'c B(G) W 

(3y o CB(G))(V0G^)(3AGy o )((^ = iry)A(WAf. = ||A|| B(G) )). 

Here ( : ) : B(G) — > (B(G)*)* is the canonical isometric embedding of B(G) into its 
bidual. 

By statement (m) of Theorem 2.6., Ch. 2 of lITikl . or Proposition 2.4.18 of llBRl 

(116) N pd {G)* C B(G). 

Let H : By — > Pr(G) be a spectral measure in G on By then we continue to follow 
the notation 

(Va e £(C))(G ff =H(a)G), 
without expressing the dependence on H everywhere it does not cause confusion. 

In this Chapter we assume to be fixed a complex Banach space G, a locally com- 
pact space X a complex Radon measure fi on X, a possibly unbounded scalar type 
spectral operator R with spectrum cr(R) and resolution of the the identity E. 

For each map / : U C C — » C we denote by / the 0— extension of / to C. 

Finally we shall denote with $ ess (X; fi) the seminormed space, with the seminoma 
II ' lis °f a U maps H : X — > C such that 

ll#lk„(X;M) - / \ H ( X )\ d W x ) < °°- 

By [i — l.a.e.(X) we shall mean "locally almost everywhere on X with respect to //'. 
Moreover if / : Xq — > C is a map defined /i — Z.a.e.(X), then we convene to say that / G 
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3" ess (X; /x) if there exists a map F : X — > C such that F |" Xo = / and F G 3e SS (X; m). 
In such a case we set 

ll/ll*„.(A» - ll^be.aC^^)- 

( II 171 ) is well-defined since the definition is independent of which map F G 3e SS (X; /i) 
extends /, as an application of statement (a) of Proposition 1, n°l, §1, Ch. V of |INT|. 
Moreover let (Y, r) be a locally convex space and / : Xo — > Y a map defined // — 
La.e.(X), then we for brevity say that the map / : X — > (Y,r) is scalarly essentially 
(/i, Y")— integrable if there exists a map F : X — > Y such that F f Xo = / and F : X — > 
(Y, t) is scalarly essentially (/x, Y)— integrable. In this case we define 

(118) / f{x)dn{x) = f F{x)dfx{x). 



This definition is well-defined since it does not depend by the scalarly essentially 
(/i, Y)— integrable map F which extends /. Indeed let for all k G {1,2} the map 
Ffe : X — > Y be such that F& |" X = / and Ffc : X — * (Y, t) be scalarly essentially 
(H, Y) -integrable, then for all u> G (Y,r)* , k G {1, 2} 

w I / F k (x)dfi(x) I = / w(F k (x)) dfj,(x) = / xx„ (a;)w(Ffe(a;)) d/i(ar). 



Next for all Vx € X, xx (x)w(Fi (x)) = xx (x)uj(f(x)) = xx (x)w(F 2 (x)), so for all 
<Y,r}* 



w (J 1 =w (J F 2 (x)dfj,(x) 

then by C07li follows / F 1 (x)dp,(x) = J F 2 (x) d(j,(x). 

Now we will show some result about which functions are scalarly essentially 
(fi, F(G)) -integrable with respect to the ct(B(G), A/") -topology. Here Af C B{G)* , 
such that separates the points of B(G) and .AT* C B(G). Then we apply these results to 
the case when G is a Hilbert space and Af — Af p d(G). 

THEOREM 2.2. Let G be a complex Banach space, a subspace Af C B(G)* be such 
that Af separates the points of B{G) and 

Af* C B(G). 

Let F : X — > B{G) be a map such that for all uj G Af the map lo o F : X — » C is 
/I— measurable and 

(119) (X3x^\\F(x)\\ B{G) )eZ ess (X^). 

Then the map F : X — > (B(G),cr(B(G),Af)} is scalarly essentially (/i, B(G)) — 

integrable, if in addition Af* C B(G) then its weak-integral is such that 



(120) 



F(x)dfj,(x) 



||F(x)|| B(G) 



< 

B(G) 

Proof. For all cj G A/" we have \oj(F(x))\ < \\uj\\\\F(x)\\ B ^ G y hence for all u G Af 

(121) J \u)(F(x))\d\p,\(x) < \\w\\ J \\F(x)\\ BiG) d\n\(x). 

Moreover the map uj o F is fi— measurable by hypothesis, therefore by (1121b and 
Proposition 9, §1, n°3, Ch. 5 of [INT| we have that uj o F is essentially /i— integrable. 
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By this fact we can define the following map 

W : M 3 to >-> J u(F(x)) dfj,(x) £ C 
which is linear. Moreover for any essentially /x— integrable map H : X 

H(x) d[i(x) 



(122) / H(x) d(i(x) < J \H(x)\d\/i\(x), 
hence by (1121b 

(123) * e TV*. 

Finally by the duality property Af* C B(G) in hypothesis the statement follows by ( 11231 l 
anddEB. ' ' □ 

Remark 2.3. Let G be a complex Hilbert space, then the statement of Theorem l2.2l 
holds if we set Af = N p d{G). Indeed we have the duality property (111 6b . 

Now we give similar results for Af = Af s t(G). 

LEMMA 2.4. Let G be reflexive, that is (G*)* is isometric to G through the natural 
injective embedding of any normed space into its bidual. In addition let B : G* xG->C 
be a bounded bilinear form, that is 

(3G > 0)(V(<M e G* x G)(\B(<t>,v)\ < CU\\ G *\\v\\ G ). 

Then 

(3 \L G B(G))(V<£ G G*)(W G G)(B(<j>, v) = (f>(L(v)) 
and ||L|| B(G ) < ||S||, where \\B\\ = sup { (^,t,j 1 1| ^,|| Q , , ||« || G < l > HI- 
PROOF. For all v G G let T(v) : G' 3 ^ B(<f>,v) £ C so T(u) £ (G*)* such 
that ||T(u)|| (G .). < \\B\\ ■ \\v\\ G . G is reflexive, hence (Vv G G)(3\L(v) £ G)(V0 G 
G*){4>{L{v)) = T(v)(<f>)), in addition \\L(v)\\ G = ||T(«)[[ (G .), < ||£?|| • ||«|| G . Lis 
linear by the linearity of T and by the fact that G* separates the points of G by the Hahn- 
Banach theorem. Thus L is linear and bounded and ||i||s(G) < ll^ll- This implies the 
existence of L. Let now V £ B(G) be another operator with the same property, so for all 
4> £ G*,v £ G, tf>(L(v)) = <f>(L'(v)), thus by the Hahn-Banach theorem for all v G G 
L(v) = L'(v), which shows the uniqueness. □ 

THEOREM 2.5. Let G be reflexive, F : X — > B{G) be a map such that for all 
(4>, v ) G G* x G f/ie ma/? X3ih <j>(F(x)v) G C is /x— measurable, finally assume that 
(11 19b holds. Then the map F : X — > (B(G), a(B(G),Af s t(G))) is scalarly essentially 
(/x, B{G))— integrable and its weak-integral satisfies (1120b . 

PROOF. We have for all 6 G*,i> G G, a; G X that |0(F(a:)t;)| < 
MH hence 



(124) / \ct>(F(x)v)\d\(i\(x)<\\cj>\\\\v\\J \\F{x)\\ B(G) d\^\{x) 

Furthermore the map X 3 x i— > <fi(F(x)v) is zx— measurable by hypothesis, therefore 
by ( fl24b and Proposition 9, §1, n°3, Ch. 5 of IllNTl we have that X 3 x i-> cf>(F(x)v) is 
essentially zx— integrable. 

By this fact we can define the following map 

B : G* x G 9 i— » / c/>(F(x)v) dfi(x) £ C, 
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which is bilinear. So by (1122b and (1124b 

< MINI f Wx)\\ B(G) d\ii,\(x). 

Hence B is a bounded bilinear form whose norm is such that ||S|| < 
J ||-F(x) || b(G) d\fj,\(x), then the statement by Lemma l2.4l □ 

COROLLARY 2.6. Let G be reflexive, F : X — > B(G) a ma/? a(B(G),Af s t(G))- 
continuous, i.e. for all (0, u) G G* x G f/ie ma/? X 3 x i— > <f>(F(x)v) G C /s continuous, 
finally assume that dl 19l > holds. 

Then the map F : X — > (B(G), a(B(G),Af s t(G))) is scalarly essentially 
(/i, B[G))—integrable and its weak-integral satisfies (11201 >. 

PROOF. By definition of /i— measurability we have that the continuity condition im- 
plies that for all (0, u) e G* x G the map X 3 x f— > cj)(F(x)v) G C is /x— measurable, 
hence the statement by Theorem l2.5l □ 

3. Commutation and restriction properties 

Let H : By ~^ Pr(G) be a spectral measure in G on By, then in the sequel we 
shall introduce a special class of subspaces of B(G)*, the class of all "H— appropriate 
sets", which allows one to show two important properties for proving the main Extension 
Theorem l2.25l These are 

(1) "Commutation" property: Theorem 12. 131 for a general E— appropriate set Af, 
and Corollary l2~T4lfor TV = Af pd (G) or Af = Af st (G) ; 

(2) "Restriction" property: Theorem l2.22l for a general E— appropriate set Af. 

LEMMA 2.7. Let A G B(G) such that AR C RA and f G Bor(a(R)). Then 

Af(R) C f(R)A. 
Proof. By Corollary 18.2.4. of JDS) 

(125) {V<t€B(C))([A,E(<x)]=0). 

By © for all T £ B(G)), K(T), C{T) G B(B(G))), so by using the notations in Prelim- 
inaries 11.11 we have for all n 6 N 

l£{f n )A=(C{A)ol£) (/„) 

= lc (A)OE (fn) by (EB, C(A) G B(B(G)) 
= lf A)0E if n ) by (El 

= (11(A) o If) (/„) by (ED, Ti(A) G B(B(G0) 

(126) =Alf(/ n ). 

Let a; G Dom(f(R)) then by @5), the fact that A G S(G) and < fl26t 

= lim l£(/„)Ac. 

n— j-oo 

Hence (l35l > implies £ Dom(f(R)) and 

/(JE)Ae = lim If (/ n )Au = Af(R)x. 

n — >oo 

□ 



36 



2. EXTENSION THEOREM. THE CASE OF THE TOPOLOGY a(B(G),N) 



LEMMA 2.8. Let M C B(G)* be such that a(B(G),Af) is a Hausdorff topology, 
A E B{G), and the map X 3 x i-> f x e Bor(a(R)) be such that f x £ S^(a(R)) 
p — l.a.e.(X). Assume that 

(1) the map X 3 x t— > f x {R) £ {B(G), a(B(G),J\f)) is scalarly essentially 
(/i, B{G))—integrable; 

(2) )> o 11(A) £ Af and cj> o C{A) G jV, for all <j) G TV; 

(3) Ai? C i?A 

77ien 



f x (R)dp(x), A 



0. 



Proof. By the hypothesis / a G £|?(cr(i?)), p - l.a.e.(X) and statement (c) of 
Theorem 18.2.11. of IDS I applied to the scalar type spectral operator R, we have f x (R) G 
B(G), p - l.a.e.(X). Let us set I = {iel f x (R) G B(G)}. By the hypothesis (1) 
we deduce that there is F : X — > -B(G) such that 

. (Vx G X )(^(x) = f x (R)); 

• F : X -> (5(G), a{B{G),M)) is scalarly essentially (/z, B(G))-integrable. 
Thus by definition 



(129) 



(127) / f x (R)dfi(x) = J F{x)dp{x) 
Notice that for all x G X, 4> G TV 

(128) xx (x) ^ o £(4)(F(x)) = X x„ W o R(A)(F(x)), 
since by Lemma l2?71 for all x G Xo 

F(x)A = /.(JQjI = Af x {R) = AF(ir). 

Moreover for all 6 /V 

f J> o £L4) (F(x)) d/ifc) = / X x (x) 4> ° (F(x)) d/i(z), 
\j>oft(A) (F(x)) d/i(a;) =/xx o (x)0o7e(A) (F(x)) d/z(x). 

Indeed <fi o £(A) G A/" hence I3ih^o £(-4) (-^X^)) is essentially p— integrable so by 
Proposition 9 n°3 §1 Ch 5 of lUNTl 

\xx (x)cj>o£(A)(F(x))\d\p\(x)< J \<t>o£(A)(F(x))\d\p\(x) <0 o. 

Furthermore by Proposition 6 n°2 §5 Ch 4 of lUNTl X 3 x ^ xx (x) <f> o £(A) (F(x)) 
is p— measurable. Thus by Proposition 9 n°3 §1 Ch 5 of [INT| the map X 3 x i— > 
Xx (£) ^ (F(x)) is essentially p— integrable and we obtain the first statement of 
( 1129t by the fact that two essentially p— integrable maps that are equal p — l.a.e.(X) have 
the same integral. In the same way it is possible to show also the second statement of ( 11 29b . 
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Therefore for all <j> G TV 

<t> ( I MR) dv(x)A ) = o £(A) ( / f x {R) dfi(x) 



i> o C(A) (^J F(x) dfi(x)^j by (H27]i 

J 4>oC{A){F{x)) dfj,(x) by <j) o £(A) e JV 

J <f> o 11(A) (F(x)) dfi(x) by dT29]l, {TM 

<p o H[A) ( I F(x) d^(x)) by o 11(A) e Af 



= <j>(A J f x (R)dfi(x)y by (Q23 

Then the statement by ( 1 1071 ) □ 

Remark 2.9. By definition of J\F st (G), see ( II 1 lb . the hypothesis (2) of Lemma l2~8l 
holds for all A G 5(G) and for Af = Af st {G). Moreover a(B(G),Af at (G)) is a Hausdorff 
topology on B(G). 

Let G be a Hilbert space, by ( 11131 ) we note that for all A G B(G) we have uj o C(A) G 
Afpd(G), and w o 7vL(A) G Af p d(G), indeed if w is determined by {u„} ne N, {wnjngN, then 
uj o C(A), (respectively ui o 1Z(A)), is determined by {u„}„ e N, {Aw n } ne m, (respectively 
{A*u n } n £f$, {w n } n £fii). Hence the hypothesis (2) of Lemma l2~8l holds for all A G B(G) 
and for TV — Af p d(G). Furthermore <j(B(G),Af p d(G)) is a Hausdorff topology on B(G). 

REMARK 2.10. By Definition 18.2.1 of [DS] for all a G S(C), E(a)R C RE(a), 
thus hypothesis (3) of Lemma l2.8l holds for A = E(a). 

Definition 2.11 ( H appropriate set ). Let H : By — > Pr(G) be a spectral 
measure in G on By, see Preliminaries ll.il Then we define TV to be an H appropriate 
set , if 

(1) TV C B(G)* lineal- subspace; 

(2) A/" separates the points of B(G), namely 

(VT e B(G))(T ^ ^ (3 0GAOWT) ^ 0)); 

(3) for all 4> G TV, a G 6y 

(130) o ft(H(») G A/" o £(H(<r)) G /V. 

Furthermore TV is an H— appropriate set with the duality property if Af is an 

H— appropriate set such that 

Af* C B(G). 

Finally TV is an H— appropriate set with the isometric duality property if Af is an 
H— appropriate set such that 

TV* C B(G). 

REMARK 2.12. Some comments about the previous definition. The separation prop- 
erty is equivalent to require that a(B(G) , Af) is a Hausdorff topology on B(G), while ( 1130b 
is equivalent to require that for all a G By the maps on B(G), lZ(H.(a)) and £(H(<r)) 
are continuous with respect to the a(B(G),Af) — topology. Moreover the duality property 
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TV* C B(G) ensures that suitable scalarly essentially p,— integrable maps with respect to 
the a(B(G),N)— topology, are (p, B{G))— integrable, see Theorem l2.2l 

Finally by Remark |2~9l TVf (G) and Af p d(G), in case in which G is a Hilbert space, 
are H— appropriate sets for any spectral measure H, furthermore by (II 161 ), Af p d(G) is an 
H— appropriate set with the isometric duality property. 

THEOREM 2.13 (Commutation 1). Let TV be an E— appropriate set, the map X 3 
x l—> fx G Bor(a(R)) be such that f x £ £g (a(R)) p — l.a.e.(X). Assume that the map 
X 3 x ^ fx{R) £ (B(G),a(B(G),Af)} is scalarly essentially (p,B(G))— integrable. 
Then for all a £ £>(C) 



(131) 



f x {R)dp(x), E(a) 



0. 



PROOF. TV being an E— appropriate set ensures that hypothesis (2) of Lemma l2~8l is 
satisfied for A = E(a) for all a £ B(C), so the statement by Remark 12.101 and Lemma 
l2?8l □ 

COROLLARY 2.14 (Commutation 2). ( 11311 ) holds if we replace TV in Theorem \2l~3\ 

with Af st (G) or with Af p d(G) and assume that G is a Hilbert space. 

PROOF. By Remark l2~12l and Theorem l2~13l □ 

Now we are going to present some results necessary for showing the Restriction property in 
TheoremE22l namely that the map X 3 x i-> f x {R a \ G a ) £ (B(G a ), a(B(G a ),J\f a )} 
is scalarly essentially (/i, B(G a ))— integrable, where TV is a E— appropriate set, and TV CT 
could be thought as the "restriction" of TV to B(G a ) for all a £ £>(C). 

In particular when TV = Af s t(G), respectively TV = Af p d(G), we can replace M„ with 
Nst(G a ), respectively M p d{G a ), Proposition ^. 231 

LEMMA 2.15. Let H : By — * Pr(G) be a spectral measure in G on By, see Prelimi- 
naries UTl] Then for all a £ By G = G a © G a i, where a 1 = Ccr. 

Proof. H(ct) + H(ct') = H(ct U a') = 1 so H(<r') = 1 - H(er) and H(<t)H(ct') = 
H(ct')H(ct) = 0. Hence for all v £ G, v = H(o> + H(ct>, orG = G ff + G^. But 
for any S £ By we have G 5 = {y £ G | y = H(<%} then G^ n G a > = {y £ G | y = 
B.(a)H(a')y} = {0}. Thus G ff + G CT , = G a © G ff - . □ 

Definition 2.16. Let H : By — > Pr(G) be a spectral measure in G on By, cr £ 6y 
and cr' = Ccr. Then Lemma |2 . 1 5 1 allows us to define the operator £j* : B(G a ) — > B(G), 
such that for all T CT £ B{G„) 

(132) ^(T CT ) = T CT ©0 CT , £B(G). 

Whenever it does not cause confusion we shall denote £^ simply by Here CT / £ 
B(G a i) is the null element of the space B(G a '), while the direct sum of two operators 
T a £ B(G a ) and T a > £ B(G a >) is the following standard definition 

(T CT © T a ,) : G CT G CT , 9 © <v) h-> T (T v ( j © l^tv £ G ff G ff /. 

LEMMA 2.17. Let H : By — * Pr(G) be a spectral measure in G on By, then for all 
V<7 £ By, T a £ B{G a ) we have that 

(133) £«(T CT ) = r CT H(cr). 

Hence £^ is well-defined, injective, £^ £ B(B(G a ), B(G)) and \\^\\b(b(G ) B(G)) ^ 
l|H(a)|| B(G) . 
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Proof. Let a £ By then for all v € G we have 

(T a © CT > = (T CT © CT ,)(H(cr> © H(tr» = (T ff H(tr)« ® 0) = T^H^u, 

then the first part. Let T CT £ B(G ff ) such that £ ff (T CT ) = 0, then T ct H(ct) = 0, 
which implies that for all v a £ G a we have T a v a = T a R{a)v a = 0. So T a = a . 
Let us consider H(er) £ B{G,G a ), and T CT 6 B(G a , G), so T CT H(cr) £ B(G) and 
\\T a H(a)\\ B(G) < \\T a \\ B(G<r , G) ■ \\K(a)\\ B(GtG<r) = \\T a \\ B(Grr) ■ \\H(a)\\ B(G) . □ 

Notice that by ( 11331 ) and the fact that B(G a ) is a Banach space, it is possible to show 
that S ia (B(G cr )) is a Banach subspace of B(G), thus £ CT has a continuous inverse. 

Remark 2.18. LetH : By — > Pr(G) be a spectral measure in G on By, and er 6 By. 
If we consider the product space G a x G a ' with the standard linearization and define 

(134) fll0a,2v)lle =f l|av + av||<?, 

|j : G ff X G CT / 9 (aio-ja;,,-/) h-* aiff + x a ' € G, 

then by G = G ff 0G ff », see Lemma [2.151 the two spaces (G CT x G CT /,|| -He) and 
(G, || • ||g) are isomorphics, thus isometric and / is an isometry between them. It is not 
difficult to see that the topology induced by the norm || • ||® is the product topology on 
G (j x Gfj' which implies the following property that in any case we prefer to show 
directly. 

PROPOSITION 2.19. Let H : By — > Pr(G) be a spectral measure in G on By and 
assume the notations in (fl34] > and Definition \2.16\ ForallT a £ B{G a ) andT a > £ B(G (T >) 
set 

T a x T a ' : Go- x G a i 3 (x a ,x a i) t—* (T a x a ,T a ix a i*) £ G a x G a i 

Then 
(135) 



[ Tfj © 7> = 7(T CT x To-/)/ -1 = T ff H(a) + T^H(a') £ B(G) 
\T a x 7> = 7 _1 (T (T H((t) + T cr /H(cr'))/ £ B(G ff x G ff /). 

PROOF. J(T ct x T^)/ -1 ^ © av) = 7(T CT x CT ,7>2v) = T CT a: ff © 7>av, for all 
x CT £ Go- and av £ G a ' , so the first equality. For all x £ G 

J(T CT x T^)/" 1 ^) = I(T a x r^JJ-^H^Ja: + H(a» 

= I(T a H(a)x, T a iH(a')x) 

= T a U{(j)x + T a ,U{(j')x. 

Then the second equality. The third equality is by the second and the fact that / is an 
isometry. □ 

Notice that by the first statement in ( 1135b we obtain (1133b . 

Definition 2.20. Let H : By — * Pr(G) be a spectral measure in G on By and 
A/" C B(G)*. We define for all a £ By,ip £ TV 



(136) 



2 Indeed let a 6 By such that H(cr) ^ 0, set M = max{||H(o-)||, ||H(<r')|]} and for all r > define 
Br(0) = {(x a ,x a i) £ G a x G a t | K^o-, av)lle < r }- Thus for all e > by setting fj = | we have 
B n (Q a ) x Bt,(0' ct ) C Bf (0), while for all ei,£ 2 > by setting ( = min ^- e2 > we have B®(0) C 
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where has been defined in (1132b . We shall express and Af™ simply by ip a and hf a 
respectively, whenever it does not cause confusion. 

PROPOSITION 2.21. Let H : By — > Pr(G) be a spectral measure in G on By, 
AT C B(G)*~ such that M separates the points of B(G) and a £ By. Then J\f a separates 
the points of B{G a ). 

Proof. Let T a e B(G a ) - {0 CT }, by Lemma l2~T7l ^ is injective so £ CT (T CT ) ^ 0. But 
TV" separates the points of 5(G), so there is tp G Af such that ^(£<r (T a j) ^ 0. □ 

THEOREM 2.22 (Restriction). Let J\f be an E— appropriate set, the map X 3 x ^ 
fx G Bor(a(R)) be such that f x G £|? (cr(i?)) fi — l.a.e.(X) Assume that the map 
X 3 x i ► fx(R) G (B(G), a(B(G),J\f)} is scalarly essentially (/i, B(G))— integrable. 
Then for all a G B(C) the map X 3 x ^ f x {R a \ G a ) G (B(G a ), a{B{G a ),Af a )) is 
scalarly essentially (/i, B(G a ))— integrable and 

(137) J f x {R a \ G a )d^{x) = J f x (R)dfi(x) \ G a . 

Proof. Let a G £>(C) then (|43j implies that for all x G X the operator f x {R a \ G a ) 
is well-defined. By the hypothesis f x G £^(cr(i?)), /i — l.a.e.(X) and statement (c) of 
Theorem 18.2.11. of IDS I applied to the scalar type spectral operator R, we have f x (R) G 
B(G), fi — l.a.e.(X). Let us set 

X = G X | / S (JZ) G B(G)}, 
thus by statement (2) of Lemma ll.7l we obtain 

(138) (Vx G X Q ){f x {R a \ G a ) G B{G a )). 

Hence / K (i?<T f G CT ) G B(G a ), n - La.e.(X). So by Proposition l2.21l and ( 1107b it is well- 
defined the statement that I3ih /^(i?^ f G CT ) G {B(G a ), a{B{G a ),N a )) is scalarly 
essentially (/i, B{G a ))— integrable. By hypothesis we deduce that there is F : X — » B(G) 
such that 

. (Vz G X )(F(x) = / a (fl)); 

• F : X -> (5(G), a(B(G),Af)} is scalarly essentially (/i, B(G))-integrable. 
Thus by (fTT8l 



(139) / f x (R)d^(x) = I F{x)dix{x) 

Now for all cr G B(C) let us define the map F a \ X — > B{G a ) such that for all x e X 

F°(x)=E(a)F(x) \G a . 

By ( 1138b we can claim that 

(1) (Vz G X )(F-(x) = r G CT )); 

(2) the map F CT : X -> (B(G a ),a(B(G a ),Af a )) is scalarly essentially 
(/u, B(G a ))— integrable, moreover 



(140) / F"(x)d f i{x) = J f x {R)d^{x) \ Ga . 

Then the statement will follow by setting according ( II 181 ) 

f x {R a \ G CT ) dfx(x) == / F ff (x)^(x). 
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For all x £ Xq 

F a (x)=E(a)f x (R) \G a 

= f x (R)E(a) \ G a by [f x (R), E(a)} = 
= f x (Ra\G a ) by Key LemmaO 

Hence (1) of our claim follows. For all ip 6 TV, x G X 

ip o C(E{a)) o U(E(a)) (F(x)) = ip (E(a)F(x)E(a)) 

= </v (E(a)F(x) \ G a ) 

(141) =4, a {F°{x)). 

Here in the second equality we deduce by Lemma 12.171 that for all T G B(G) we have 
i a (E(a)T \ G a ) = E(a)TE(a). F : X -> (B{G),a{B{G) 1 M)) is scalarly essentially 
^-integrable, and for S N, iji o C(E(a)) o U(E(a)) G N, hence by (1 1 4 It the map 

F CT : X — > {B{G a ),a{B(G a ),N a )) is scalarly essentially /i-integrable. 

Now by ( 11311 ) we have for all t> G G CT 

(142) /" / X (E) d»(x)v = J f x (R) dfi(x)E(a)v = E(a) J f x (R) dfi(x)v G G a , 
moreover J f x (R) d^,(x) G -B(G) so 



/" f x {R)dn(x) \G a eB{G a ). 



Therefore for all -0 G /V 

1>*( I f x (R)d(i(x) \G C 



% (e{o) J f x (R)d(i(x) \G a ^j by <HI3 
4> (e(ct) J f x (R) dfi{x) E{<j)^j byLemmaEn] 
yj o C(E(a)) o K(E(a)) ( [ f x {R) dfi(x) 



4> o C{E{a)) o K{E{o)) ^ F{x) dfj,(x)j by ([Hill 

^ o C{E{a)) o K(E(a)) (F(x)) dfi(x) by iji o £(-E(cr)) o K{E{a)) G TV 



^ CT (F CT (ai)) by (fl4ll. 

Hence (1140b by dl09t and (II 10b and the statement follows. □ 
Proposition 2.23. For all a G B(C) 

(143) (/V st (G)) CT = JV flt (G ff ) and (/V pd (G)) ff = Af pd (G a ); 
Proof. By the Hahn-Banach theorem 

(144) (G„y = {<f> f G a | G G*}. 



42 



2. EXTENSION THEOREM. THE CASE OF THE TOPOLOGY a(B(G),Af) 



Then we have 

(JV st (G)) ff = £c({^,„) | (0,t>) G G* x G}) 
= flc({^rG<r,i«) I (<t>> w ) e G* x Go-}) 
= £c({^(p,«) I (fi,w) G (G CT )* x G CT }) 
= A4*(G ff ). 

Here in the third equality we used (1144k while in the second equality we considered that 
for all (</>, v) G G* x G and for all T a e B(G a ) 

VW) ° ^( T -) = ^(To-EWt;) by (233) 

= (0 r G a ) (T a E(a)v) 

(145) =V'(^rG«r,B(tr)«)( 7, <r). 

Let G be a complex Hilbert space then 



71=0 / 
oo 



, 71=0 



,n=0 



B(<r)*u„)t rG <7 ,B(<r)«i„) 



{m„}„ sN , {w»}n£N C G, llWnllc < °°; E 

n=0 n=0 

oo oo 

{"n}n6N, C G, ||«7i||g < 00 ) X! H W "Hg < 00 

71=0 71=0 
oo oo 

{w«}nGN, {w»}n£N C G, ||«7i||g < 00 ) X! II W «IIg < 00 

71=0 71=0 
OO oo 

{un}«eN, {%}™eN C G, ||Wn||G) E H w ™Hg < 00 



E<M 



,71 = 



{a„}„ eN , {^}«eN C G„, 2J HOtiIIg,, < 00 ) E HMg„ < 00 

n=0 ra=0 

Here for any Hilbert space F we set G F* such that = (u, v) for all u,v G F, and 
the series in the first equality is converging with respect to the strong operator topology on 
B(G)*, while all the others are converging with respect to the strong operator topology on 

The first equality follows bv ll 131 the third is by (1 145k the forth by the fact that E(a) \ 
G a = 1 CT the identity operator on G a . Now we shall show the fifth equality. Notice that 



\w n fQ < 00. 



£ \\E(a)w n \\l a = £ ||£(<7K|| 2 G < IIF^H 2 ^ 

n=0 n=0 n=0 

While by the fact that t : H — » i?* is a semilinear isometry, we have for all n G N that 
exists only one a„ G Go- such that = (£ , (cr)*w n )^ f G CT moreover 

\\a n \\ Ga = || (F(a)*u„) t f G CT || g* ■ 
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Next 

|| (E(a)*u n )^ \ G a \\ G , = sup | (E(a)*u n , v) \ 
{veG a \\\v\\ a „<l} 

= sup \(u n ,v)\< sup \(u n ,v)\ 

{^G a \\\v\\ Gtr <l} {v£G\\\v\\ a <l} 
= IWlWc- = \\Uu\\g- 

Hence J2n°=o ll a ™llG„ — S^Lo II u «IIg < 00 anc ^ tne n f tn equality follows. □ 

4. Extension theorem for integral equalities with respect to the o(B(G),N) — 

topology 

In the present section wil shall prove the Extension Theorems for integration with 
respect to the a(B(G), A/")— topology, when TV is an 75— appropriate set: Theorems 12.251 
and when N is an E— appropriate set with the duality property: Corollary 12.261 As an 
application we shall consider the cases of the sigma-weak topology: Corollary 12.281 and 
Corollary 12.291 and weak operator topology: Corollary 12.271 and Corollary 12.301 In this 
section it will be adopted all the notations defined in Section|2] 

THEOREM 2.24. Let M be an E— appropriate set and {<7 ra } ng N be an E— sequence 
(see Definition 17.701 ) and the map X 3 x 1— > f x G Bor(a(R)) be such that f x £ 
£f(cr(7?)) p - l.a.e.(X). Let X 3 x ^ f x (R) £ (B(G),a(B(G),M)) be scalarly 
essentially (^i, B(G))—integrable and g, h £ Bor(a(R)). 

If for all neN 

(146) g(R an \G a J J f x (R an \ G a Jdp(x) C h{R„ n \ G CT J 
then 

(147) g{R) [ f x (R)dp(x) \ 9 = h(R) \ 9. 



In ( 11461 ) the weak-integral is with respect to the measure p and with respect to the 
cr(B(G an ),J\f an )— topology, while in ( 1147b 

9 = Dom fg(R) J f x (R) d p(x)j D Dom(h(R)) 

and the weak-integral is with respect to the measure p and with respect to the 
a(B(G),J\f)- topology. 

Proof. ( I146I i is well set since Theorem l2~22l 
By gill for all y e 9 



g(R) / f x (R)dp(x)y = limE(a n )g(R) / f x (R)dp(x)y 

J «eN J 

by statement (g) of Theorem 18.2.11 of [DS| and ( fUTT i 



= lim.g(7?) / f x {R)dii{x)E{(j n )y 

neN 

by ( 1137b and Lemma [L7l applied to g(R) 

= \img{R an \ G(j n ) / f x {R a „ \ G an ) d p(x) E(a n )y 
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by hypothesis (11461 1 

= lim h(R an \ G an )E(a n )y 

by Lemma [L7l and statement (g) of Theorem 18.2.11 of |DS| 

= lim E{a n )h(R)y 

(148) =h(R)y. 

In the last equality we considered J47t . □ 

Theorem 2.25 ( a{B(G),N)- Extension Theorem ). Let R be a possibly 
unbounded scalar type spectral operator in G, E its resolution of the identity, J\f an 
E— appropriate set. Let the map X 3 x i— ► f x G Bor(a(R)) be such that f x G £, E D (a(R)) 
/i — l.a.e.(X) and the map X 3 x t— > f x (R) £ (B(G), a(B(G),J\f)) be scalarly essen- 
tially (/i, B(G))—integrable. Finally let g,h G Bor(a(R)) and h G £|?(cr(ii)). 

'/{^nJngN is a« E— sequence and for all n G N 

(149) <?(# CT „ r G*J y UR an \ G an )dft{x) C h(J^ B r G a J 
f/ien G and 

(150) g(R) f f x (R)dfi(x) = h(R). 



In ( 11491 > f/ze weak-integral is with respect to the measure /i anaf w/f/i respect to the 
a(B(Go- n ),J\fcr n )— topology, while in (1150b weak-integral is with respect to the mea- 
sure fi andwith respect to the a(B(G),J\f)— topology. 

Notice that g(R) is a possibly unbounded operator in G. 

Proof. Theorem 18.2.11. of fPSl and hypothesis h G £f (cr(i?)) imply that h(R) e 
B(G), so by ( |147t we can deduce 

(151) ff (Ji) /" f x (R)dfx(x)Ch(R). 
Let us set 

(152) (VnGN)(<5„ = \g\([0,n])). 
We claim that 

(153) < n > m =>■ <5„ 3 <5 m 

[ (Vra G N)(#(<5„) is bounded. ) 

Since |g| G Bor(a(R)) we have <5„ G S(C) for all n G N, so {#„} n gN is an E— sequence, 
hence by d47l ) 

(154) limS((5„) = 1 
with respect to the strong operator topology on B(G). 
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Indeed the first equality follows by UneN* 5 ™ = U„eN n \) = 

-l -l -l 

\g\ (Unewl ' 71 ]) = l.9l( K+ ) = Dom(g) = a(R), the second by the fact that \g\ pre- 
serves the inclusion, the third by the inclusion |g|(<5 n ) Q [0, n]. Hence our claim. By the 
third statement of ( 11531 ). S n £ 6(C) and statement 3 of Lemma [L7l 

(155) (Vn £ N)(E(5 n )G C Dom(g(R))). 

By ( EB and (T35) for all n £ N 



f x (R)dfx(x)E(6 n )G C 6(£„)G C Dom{g{R)). 

Therefore 

(Vn £ N)(Vu £ G) ^6(<5,> £ Dom ^(i?) ^ f x (R)d(i(x) 
Hence by d 1541 1 

(156) D == Dom ^g(R) J f x (R) d fj.(x)\ is dense in G. 

But J f x (R)dn(x) £ 6(G) and .9(6) is closed by Theorem 18.2.11. of |D5), so by 
Lemma [1.15l we have 

(157) g(R) J f x (R)d(J,(x) is closed. 
But we know that /i(i?) £ 6(G) so by (1151b we deduce 

(158) g(R) J f x {R)dn(x) e6(D,G). 

The (1 157b . ( 11581 ) and Lemma 11.161 allow us to state that D is closed in G, therefore by 
(fT56l) 

D = G. 

Hence by ( 11511 ) we can conclude that the statement holds. □ 

Now we shall show a corollary of the previous theorem, in which we give conditions 
on the maps f x ensuring that f x (R) £ 6(G), and that X 3 x i— > f x (R) £ 6(G) is 
scalarly essentially (//, 6(G))— integrable with respect to the a(B(G),N) — topology. 

Corollary 2.26 ( <r(6(G), TV)- Extension Theorem. Duality case. ). Let N be 

an E— appropriate set with the duality property and X 3 x i— > f x £ Bor(a{R)). Assume 
that there is Xq C X smc/z f/iaf C^o is fi— locally negligible and f x £ £|? (cr(i?)) /or aZZ 
cc £ Xq, moreover let there exist F : X — > 6(G) extending Xq 3 x h- ► f x {R) £ 6(G) 
5mc/i that for all u> £ A/" f/ie wop X 9 a; u>(.F(a;)) £ C is [i— measurable and 

(159) (X 9 x -> ||F(a:)|| B(G) ) £ S ess (X; M ). 

T/'g, /i £ Bor(a(R)) such that h £ 2^{a{R)) and {<t„}„ 6 n /s an 6— sequence such 
that for all n £ N holds ( 1 149b f/ien f/ie statement ofTheorem \2.25\ holds. Moreover if N is 
an E— appropriate set with the isometric duality property 

U(R)dn(x) 



< I \\f x (R)\\ B (G)d\»\(x). 

B(G) 
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PROOF. By the duality property of hypothesis, and Theorem l2.2l the map X 3 x i— » 
fx{R) € (B(G),a(B(G),Af)) is scalarly essentially 5(G))-integrable. Hence the 
first part of the statement by Theorem 12.251 The inequality follows by ( 11201 ). ( II 181 ) and 
(fTT7l). □ 



Now we will give the corollaries of the previous two results in the cases in which 
TV = Mst (G) or TV = Af p d(G) and G be a Hilbert space. 

COROLLARY 2.27. The statement ofTheorem \2.25\ holds if M is replaced by TV s t (G) 
and Ma n is replaced by M s t (G CTrl ), for all n G N. 

PROOF. By Remark l2.12l we know that Af st (G) is an E— appropriate set, therefore the 
statement by ( 11431 ) and Theorem l2.25l □ 

COROLLARY 2.28. The statement of Theorem \2.25\ holds if G is a complex Hilbert 
space, TV is replaced by J\f p d(G) and M an is replaced by J\f p d (G CTjl ), for all n G N. 

Proof. By Remark l2.12l we know that J\f p d (G) is in particular an E— appropriate set, 
therefore the statement by ( 1143b and Theorem l2.25l □ 

THEOREM 2.29 ( Sigma-weak Extension Theorem ). Let Gbea Hilbert space, then 
the statement of Corollarv \2~26\ holds if we set TV = J\f p d(G) and TV CTn = J\f P d(Go- n ) for 
all n E N. 

Proof. By Remark l2.12I TV„w (G) is an E— appropriate set with the isometric duality 
property, so we obtain the statement by Corollary 12 . 261 and by ( 11431 ). □ 

Corollary 2.30 ( Weak Extension Theorem ). Let G be reflexive, then the state- 
ment of Corollarv \2.26\ holds if we set TV = TVst (G) and TVj^ = N s t (G CTll ) for all n G N. 



PROOF. By Theorem |23] we have that the map X 3 x i-» f x (R) £ 
(B(G),o-(B(G),Af st (G))) is scalarly essentially (p., B(G))-integrable. Hence the first 
part of the statement by Corollary 12. 271 While the inequality follows by ( 11201 . dl 181 ) and 
(fTT7l). - - ^ 



Remark 2.31. In the case in which G is an Hilbert space we can obtain Corollary 
12.301 as an application of the duality property of the predual J\f p d(G). Indeed as we know 
TV st (G) C M p d (G), hence by the Hahn-Banach theorem for all *o £ TV st (G) * there exists 
* e N P d{G)* such that* \ TV s4 (G) = thus by the duality property TV pd (G)* = B(G) 
we obtain (V* 6 TV si (G)*)(3B e 5(G)) (Vw G TV st (G))(* (w) = which 
ensures that the weak-integral with respect to the measure [i and with respect to the weak 
operator topology of the map X 3 x i— > f x (R) G £?(G) belongs to B(G). 

Remark 2.32. Let D c G be a linear subspace of G and E : B(C) —> Pr(G) be a 
countably additive spectral measure, then by (ED for all / G TM, (f> G G* and v G D that 



(160) |0(l£(/»| = 



/(A)d(^,oS)(A) 



<4M||/|| 8U p||0||||« 



where M 4= sup 5gB(c) : 5(G) </j(Au) G C and TM is the space of 

all totally B(C)— measurable complex maps on C. Next we know that 

(161) 7J(C)CTM. 

Here iJ(C) is the space of all compactly supported complex continuous functions on C, 
with the direct limit topology, of the spaces H(C: K) with K running in the class of all 
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compact subsets of C; where H(C; K) is the space of all complex continuous functions 
/ : C — > C such that supp(/) C K with the topology of uniform convergence. Let us set 

F° = B(D,G) in £JD,G), 

where Z w ( D , G) is the Hausdorff locally convex space of all linear operators on D at values 
in G with the topology generated by the following set of seminomas 

{£ W (D,G) 3Bh \q^ v {B)\ | (<p,v) eG'x D}, 

where q<j,, v (B) = <j>{Bv) for all (<j>, u) £ G* x D and B £ £JD, G), while B(D, G) is 
the space of all bounded operators belonging to £^(0, G). By (11611 > we can define 

Moreover by ( I1601 l we have, with the notations in ll.91 that for all compact K the operator 
m.E \ H(C; K) is continuous. Therefore as a corollary of the general result in statement 
(ii) Proposition 5, n°4, §4, Ch 2 of JTVS| about locally convex final topologies, so in 
particular for the inductive limit topology, we deduce that is continuous on H(C) i.e. 

m£ is a vector measure on C with vales in F®. 

Here, by generalizing to the complex case the definition 1, n°l, §2, Ch 6 of llND, we 
call a vector measure on a locally compact space X with values in a complex Hausdorff 
locally convex space Y any C— linear continuous map m : H(X) — > Y . Furthermore for 

all (cf), v) £ G* X D 

q^ v o m/. ; = ip^ o T'; ; I" .ff(C) 

= I ^,„o£ riJ ( C ^ by (EB 

Hence 

£ 1 (C;^0 it , om B ) = ^(C;^,!) 
where the left hand side it is intended in the sense of Ch 4 of |TNT|, while the right hand 
side it is intended in the standard sense, and for all / £ £i(C; q$ <v o m^) 

(162) //(A)d(g^om B )(A) = J f(\) d(^ v o E){\) 

Finally let us assume that D is dense, then for all / £ i? or (suppE 1 ) such that 
Dom(f(E)) = D by (03 we have 

/(£) G 

and by Theorem 18.2.11 of JDS) for all (</>, u) £ G* x D we have / £ £ X (C; tp^.y o E) 
and 

(163) q^ v (f(E)) = f f(X)d(^, v oE){\). 

Therefore by adopting the definitions in n°2, §2, Ch 6 of [INT], we deduce by ( 1162b that 
each / £ £?or(supp_E) such that Dom(f(E)) = D is essentially integrable for and 

/(£) = y /(A)dm B (A). 

Here J /(A) dm^tA) is the integral of f with respect to m^. Thus if R is an unbounded 
scalar type spectral operator in G, then for all / £ Bor(a(R)) such that Dom(f(R)) = D 
/ is essentially integrable for uie and 



f(R) = J f(X)dm E (X). 
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2. EXTENSION THEOREM. THE CASE OF THE TOPOLOGY a(B(G),Af) 



5. Generalization of the Newton-Leibnitz formula 



In this section we shall apply the results of the previous one in order to prove Newton- 
Leibnitz formulas for integration with respect to the a(B(G), Af) — topology, when Af is an 
-E— appropriate set with the duality property, for integration with respect to the sigma-weak 
topology, and for integration with respect to the weak operator topology. 

Corollary 2.33 ( a{B(G), Af)- Newton-Leibnitz formula 1 ). Let Rbe a pos- 
sibly unbounded scalar type spectral operator in G, U an open neighborhood of cr{R), 
S : U — > C an analytic map and Af an E— appropriate set with the duality property. As- 
sume that S : U — > C is an analytic map and there is L > such that ] — L, L[-U C U 
and 

(1) S t e£%(*(R)), (<jg) t €2%(a(R))forallte}-L,L[; 
(2) 



dt < oo 



(here the upper integral is with respect to the Lebesgue measure on] — L, L[); 
(3) for all uj G Af the map } — L, L[3 t i— > ui {j[j{tR)) £ C is Lebesgue measurable. 
Then for all ui, u 2 G] — L, L[ 
f U2 dS 

R / — (tR)dt = S(u 2 R) ™ S( Ul R) G B{G). 

Jui « ^ 




Here the integral is the weak-integral of the map [1*1,^2] 3 ( ^ c -jj(tR) G B(G) with 
respect to the Lebesgue measure on [u\, 112] and with respect to the a(B(G),Af)— topol- 
ogy. Moreover if Af is an E— appropriate set with the isometric duality property and 
M = sup CT£B(c) \\E(a) 

E 



(164) 



B(G) then 
112 dS 



ui 



dX 



(tR) dt 







< AM ( 


(-) 


B(G) J[ui,u 2 ] 


\dXj t 



dt. 



Proof. Let p the Lebesgue measure on [u\, 112]- By dTTt . the hypotheses, and state- 
ment (c) of Theorem 18.2.11 of [DS] we have 

a: (V< G [ Ul ,u 2 ])(S(tR) G 5(G)); 
b: (Vt G [ui,U2])[j[j(tR) G B{G))\ 
c: ([m.ua] 3t^ \Hj(tR)\\ B (G)) edi([ui,u 2 ]w), 
So by hypothesis (3), by (c) and Theorem l2.2l we have that the map 



(165) 



[ui.ua] 3t^^-(tR) G (B(G),a(B(G),Af)) 



is scalarly essentially (p, B(G))— integrable and if TV is an E~ appropriate set with the 
isometric duality property then its weak-integral satisfies ( 11641 i. This means that, made 
exception for d!491 l, all the hypotheses of Theorem 12.251 hold for X = [u±,U2], h = 
(S U2 — S Ul ) \ (t(R), g : a(R) 3 A 1— > A G C and finally for the map [u\, 112) 3 t 1— > f t = 

Next let a G B(C) be bounded, so by Key Lemma [L7l Ji!^ \ G a is a scalar type spectral 
operator such that R a \ G a G B(G a ), moreover by d43l U is an open neighborhood of 
a(R a \ Go-). Thus we can apply statement (3) of Theorem 11.211 to the Banach space 
G a , the analytic map S and to the operator R a \ G„. In particular the map [u±, 112] 3 
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t i ► 4y(i(ii CT \ G a )) G B(G a ) is Lebesgue integrable in || • \\b(g„)~ topology, that 
is in the meaning of Definition 2, n°4, §3, Ch. IF of AND . By Lemma |2~T71 £ CT G 

B(B(G a ),B(G)),m 

A/a- c 

Therefore we deduce by using Theorem 1, IV.35 of the |INT|, that for all u> a G M a the 

map [ui,u 2 ] 3 t ^ uj a (^j(t(R a \ G a ))) G C) is Lebesgue integrable, in addition for 
all to (j G M a 



dS_ 



{t{R a \G a )) dt = Lu a 



12 dS 



{t{R a \G a ))dt 



Thus we can state that [«i,u 2 ] 3 f h-> ff (t(-R CT f G ff )) G {B(G a ),<r{B(G a ),Af a )) is 
scalarly essentially (//, B{G a ))— integrable and its weak-integral is such that 

/" 2 dS f" 2 dS 1 

—{t{R tT \G a ))dt = j — {t{R a \G„))dt. 

Moreover by statement (3) of Theorem |1.21| 

(R a r g a ) y ^(*(^ r G -)) d< = s( u 2(Rcr r - sMik r 

Thus by ( fl66b 

(167) \G a ) r^-(t(R a \G a ))dt = S(u 2 (R a \ G a )) - S( Ul (R„ \ G a )). 

Jux dX 

This implies exactly the hypothesis J 149b of Theorem l2.25l by choosing for example a n = 
B n (0), for all neH. Therefore by Theorem l2.25l we obtain the statement. □ 

Corollary 2.34 ( a(B(G),N)— Newton-Leibnitz formula 2 ). Let Rbe a pos- 
sibly unbounded scalar type spectral operator in G, U an open neighborhood of o~(R), 
S : U —> C an analytic map and J\f an E— appropriate set with the duality property. 
Assume that there exists L > such that ] — L,L[-U C U and for all t g] — L,L[, 
St G £,^(a(R)) and there exists Kq c] — L, L[ such that UKo is a Lebesgue negligible 

set and for all t G Kq, (^j) t G £ E °(a(R)) moreover 

(1) there is F :] - L, L[—> B(G) extending K 3t^> j^{tR) G B(G) such that 



\\F{t)\ 



B(G) 



dt < oo 



(here the upper integral is with respect to the Lebesgue measure on] — L, L[), 
(2) for allbj G N the map ] — L, L[3 t \— » u>(F(t)) G C is Lebesgue measurable. 

Then for all ui,U2 G] — L,L[ 
f" 2 dS 

R / — (tR)dt = S{u 2 R) - S( Ul R) G B(G). 

Here the integral is the weak-integral of the map [ui, u 2 ] 3 t t— > ^j(tR) G B(G) with re- 
spect to the Lebesgue measure on [u%, u 2 ] and with respect to the a{B{G) 1 M)— topology. 
Moreover if 'M is an E— appropriate set with the isometric duality property then 



f U2 dS, „, , 



< 



B(G) 



[ui,u 2 ] 



fx™ 



dt. 



B(G) 
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Proof. By Theoreml2~2land (fTTgl 

[ui,u 2 ]3t^^-{tR) 6 (B(G),a(B(G),M)} 
a A 

is scalarly essentially (/i, B(G))~ integrable and if TV is an E— appropriate set with the iso- 
metric duality property its weak integral satisfies by dl 17b the inequality in the statement. 
Thus the proof goes on as that in Corollarv l2.33l □ 

COROLLARY 2.35 (Sigma-Weak Newton-Leibnitz formula ). The statement of Corol- 
lary 12.331 ( respectively Corollary \2.34t holds if G is a complex Hilbert space and every- 
where TV is replaced by M p d{G). 

PROOF. By Remark l2.12l M p d{G) is an E— appropriate set with the isometric duality 
property, hence the statement by Corollary |2 .331 (respectively Corollary 12. 341 ). □ 

COROLLARY 2.36 (Weak Newton-Leibnitz formula ). The statement of Corollary \2.33\ 
( respectively Corollary \2.34i holds if G is a reflexive complex Banach space and every- 
where TV is replaced by Af st (G). 

Proof. By using Corollary 12.61 instead of Theorem l2?2l we obtain ( 1165b and ( 1164b 
by replacing TV with JV s t (G). Then the proof procedes similarly to that of Corollary 12. 331 
(respectively Corollary 12. 341 ). □ 
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